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CONFORMALLY INVARIANT POWERS OF THE
LAPLACIAN, Q-CURVATURE, AND TRACTOR CALCULUS
A. ROD GOVER AND LAWRENCE J. PETERSON
Abstrat. We desribe an elementary algorithm for expressing, as ex-
pliit formulae in trator alulus, the onformally invariant GJMS op-
erators due to C.R. Graham et alia. These dierential operators have
leading part a power of the Laplaian. Conformal trator alulus is
the natural indued bundle alulus assoiated to the onformal Cartan
onnetion. Appliations disussed inlude standard formulae for these
operators in terms of the Levi-Civita onnetion and its urvature and
a diret denition and formula for T. Branson's so-alled Q-urvature
(whih integrates to a global onformal invariant) as well as general-
isations of the operators and the Q-urvature. Among examples, the
operators of order 4, 6 and 8 and the related Q-urvatures are treated
expliitly. The algorithm exploits the ambient metri onstrution of
Feerman and Graham and inludes a proedure for onverting the am-
bient urvature and its ovariant derivatives into trator alulus expres-
sions. This is partly based on [12℄, where the relationship of the normal
standard trator bundle to the ambient onstrution is desribed.
1. Introdution
Conformally invariant dierential operators have long been known to play
an important role in physis and the geometry of many strutures related
to and inluding Riemannian and onformal geometries. For example, the
lassial eld equations desribing massless partiles, inluding the Maxwell
and Dira (neutrino) equations, depend only on onformal struture [2, 18℄.
More reently string theory and quantum gravity have motivated several de-
velopments in mathematis where onformally invariant operators play a key
role. Many of these ould be said to fall under the umbrella of geometri
spetral theory where, broadly, one attempts to relate global geometry to
the spetrum of some natural operators on the manifold. For example, on
ompat manifolds there are programmes to nd extremal metris for fun-
tional determinants of natural operators. Conformally invariant operators
yield determinants with a workable formula (a so alled Polyakov formula)
for the onformal variation of the determinant thus leading to signiant
progress [10, 6, 5℄. In another diretion there is new progress [35℄ in relating
sattering matries on onformally ompat Einstein manifolds with onfor-
mal objets on their boundaries at innity. This falls within the framework
of the AdS/CFT orrepondene of quantum gravity [43, 36, 37, 33℄.
In these areas it seems an espeially important role is played by natural
onformally invariant operators with prinipal part a power of the Laplaian
∆. The earliest known of these is the onformally invariant wave operator
whih was rst onstruted for the study of massless elds on urved spae-
time. More reently its Riemannian signature variation, usually alled the
1
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Yamabe operator, has played a large role in the Yamabe problem on ompat
Riemannian manifolds. As an operator on funtions it is given by the for-
mula ∆−(n−2)R/(4(n−1)), and it governs the transformation of the salar
urvature R under onformal resaling. An operator with prinipal part ∆2
is due to Paneitz [40℄ (see also [41, 23℄), and then sixth-order analogues were
onstruted in [3, 44℄. Graham, Jenne, Mason and Sparling (GJMS) solved
a major existene problem in [32℄ where they used a formal geometri on-
strution to show the existene of onformally invariant dierential operators
P2k (to be referred to as the GJMS operators) with prinipal part ∆
k
. In
odd dimensions, k is any positive integer, while in dimension n even, k is
a positive integer no more than n/2. The k = 1 and k = 2 ases reover,
respetively, the Yamabe and Paneitz operators.
In dimension 2 the transformation of the salar urvature an also be de-
dued from the Yamabe operator by a dimensional ontinuation argument,
and the urvature xing problem orresponding to the Yamabe problem is
usually known as Gauss urvature presription. In the late 1980's Branson
[4, 10℄ observed that the Paneitz operator P is formally self-adjoint and an
be expressed in the form P 1+((n− 4)/2)Q4, where P
1
annihilates onstant
funtions and Q4 is a salar urvature invariant whih ould play a role par-
allel to the salar urvature in higher order analogues of the Gauss urvature
presription programme. In dimension 4 the onformal transformation of Q4
is given by the Paneitz operator, and it follows that the integral of Q4 over
ompat 4-manifolds is a global onformal invariant. On onformally at
strutures this is a multiple of the Euler harateristi. It has reently been
established by Graham and Zworski and Feerman and Graham [34, 35, 27℄
that the GJMS operators P2k are formally self-adjoint, and so [5℄ shows that
these operators yield an analogous loal Riemannian invariant Qn for eah
even-dimensional manifold. There has been onsiderable reent interest and
progress in understanding Branson's Q-urvatures, espeially in low dimen-
sions and on onformally at strutures [16, 17℄.
In [32℄ the GJMS operators are derived from the Laplaian of the ambient
metri of Feerman and Graham [25, 26℄. This onstrution is very valuable
not only in itself but also beause of the lose links with the Poinaré met-
ris of the onformally ompat Einstein theory. On the other hand there is
another way to generate a onformally invariant operator with prinipal part
∆k. The result is usually presented as a simple formulae, rst due to M.G.
Eastwood, as given in (15). (See [28℄ for a derivation and some further re-
lated developments.) Underlying this formula are two related key tools. The
rst is a geometri onstrution developed by Eastwood and others [22, 19℄
known as the urved translation priniple. This onstrution is a generalised
and geometri variant of the translation funtor due to Zukerman and oth-
ers [45℄. The seond is a mahinery known as trator alulus [1, 29, 14, 13℄.
This alulus brings the onformally invariant Cartan onnetion to indued
bundles and also involves other fundamental onformally invariant operators
(suh as the ones used in this formula). The ombination is potent sine
on the one hand it is very easy to expand these trator formulae in terms
of the Levi-Civita onnetion and its urvature (whih is useful for the in-
vestigation of issues suh as positivity of the operators), and on the other
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hand the link with representation theory means one easily obtains rules for
generalising the operators and how they may be omposed with ertain other
onformally invariant operators. See for example (16). It should be pointed
out that the trator formulae are themselves omplete and expliit formu-
lae and an be readily worked with diretly without using any knowledge of
the representation theory aspets. That is essentially the approah below.
See also [7℄, for example, where these trator formulae for onformally in-
variant powers of the Laplaian are used to onstrut formally self-adjoint
onformally invariant boundary problems, higher order onformally invariant
Dirihlet-to-Neumann operators, and related onstrutions.
One problem with the trator approah up until now has been that, on
even dimension n manifolds, this had failed to yield the operators of order n
exept for a quotient onstrution in dimension 4 [28℄. Here we give a simi-
lar quotient trator onstrution for a sixth-order operator and show that we
have in fat reovered P4 and P6. This brings us to one of the main purposes
of this paper, whih is to expliitly relate the trator alulus approah to
the GJMS onstrution. This is ahieved in Setion 4, where an algorithm is
desribed for nding a trator formula for any of the GJMS operators P2k.
Remarkably this algorithm does not require solving the Feerman-Graham
ambient onstrution. For low order operators it is essentially trivial and
quikly reovers the simple trator formulae for P4 and P6 and yields a or-
responding trator formula for P8. See Setion 4.1 and Proposition 2.3. In
Proposition 2.4 we use these formulae to prove diretly that these opera-
tors are formally self-adjoint (verifying diretly for these ases the general
results of [35, 27℄). Expanding these formulae into formulae in terms of the
Levi-Civita onnetion and its urvature simply requires repeated use of the
Leibniz rule and the denitions of the trator objets. This is easily auto-
mated and is done in Setion 2.2. The nature of the formulae we use mean
the alulations have a large number of built-in self-heks whih ensure that
the formulae used are entered and used orretly by the software. Thus over-
all this demonstrates an eetive means to obtain expliit formulae for the
GJMS operators. It should be pointed out that the formulae in Setion 2.2
are not in fat the raw output from the expansion of the trator formulae,
but rather this output manipulated into the anonial form desribed in [21℄.
The authors performed these expansions and manipulations mainly by using
Mathematia and J. Lee's Rii programme [39℄; this work was performed
under the assumption of a Riemannian signature metri, but the resulting
formulae are independent of the signature.
The most important outomes of Setion 4 are Proposition 4.5 and Theo-
rem 2.5. The rst of these establishes important features about the form of
the trator formulae for the GJMS operators, and the latter exploits this to
provide some new invariant operators losely linked to the GJMS operators.
There are several appliations of these. One is a diret trator based on-
strution of Branson's Q-urvatures. See Proposition 2.7. In fat, this also
gives a new denition for these invariants. This gives an eetive way to al-
ulate these (Q4 and Q6 are treated as examples), and it sheds light on their
remarkable transformation properties. Another appliation of Theorem 2.5
is Corollary 2.6. In words this states that exept for the k = n/2 ase, the
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theorem yields generalisations of the GJMS operators P2k that are strongly
invariant in the sense of [19℄. That is, operators that an be omposed with
trator bundle valued operators to yield further onformally invariant opera-
tors. This is one of the key ideas of the urved translation priniple. Finally,
Theorem 2.5 is a ruial ingredient in the general onstrution in [8℄ of an
ellipti onformally invariant operator on 1-forms with lose onnetions to
the rst de Rham ohomology.
There are other results presented. For example, in Setion 2.3 we desribe
how to proliferate Riemannian invariants whih are not onformally invari-
ant but have a transformation formula similar to the Branson Q-urvatures.
These an be viewed as representing terms that ould be added to the Q-
urvature without aeting its key properties and so play a role in generating
new urvature presription problems.
There are also many other potential appliations for this work not touhed
upon in this artile. For example, the trator formulae for the GJMS oper-
ators ould immediately be used in a onstrution parallel to that in [7℄ to
produe alternative onformally invariant boundary problems and non-loal
operators based around the GJMS operators.
It should also be pointed out that the results and ideas in this paper should
have analogues for CR strutures, where one would instead be involved with
CR-invariant powers of the sub-Laplaian [30℄ and the ambient onstrution
of C. Feerman [24℄. The onstrution presented in this artile is in part an
appliation of ideas developed in the joint work of one of the authors with A.

Cap. See [12℄ where it is desribed expliitly how to relate the Cartan/trator
approah to the ambient onstrution of Feerman and Graham and its
appliations to invariant theory. The relevant aspets of this theory are
summarised in Setion 3.1. There is a orresponding theory for the CR ase
[11℄.
The authors are indebted to Tom Branson, Andi

Cap, Mike Eastwood, and
Robin Graham for several illuminating onversations. The authors would
also like to thank the Mathematial Sienes Researh Institute and the
organisers of Spring session in 2001 for helping to make this researh possible.
2. Conformal geometry and trator alulus
We summarise here an approah to loal onformal geometry that is rather
useful for our appliations. This is broadly based on the development pre-
sented in [13℄, but many of the ideas and tools had their origins in [42℄, [1℄,
and [29℄. The notation and onventions in general follow the last two soures.
We shall work on a real onformal n-manifoldM , where n ≥ 3. That is, we
have a pair (M, [g]), where M is a smooth n-manifold and [g] is a onformal
equivalene lass of metris of signature (p, q). Two metris g and ĝ are
said to be onformally equivalent if ĝ is a positive salar funtion multiple
of g. In this ase it is onvenient to write ĝ = Ω2g for some positive smooth
funtion Ω. Although we assume that the metris have some xed signature,
all onsiderations below will be signature independent. For a given onformal
manifold (M, [g]), we shall denote by Q the bundle of metris. That is, Q
is a subbundle of S2T ∗M with bre R+. The points orrespond to values of
metris in the onformal lass.
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Let Ea denote the spae of smooth setions of the tangent bundle TM , and
similarly let Ea be the smooth setions of the otangent bundle T
∗M . In fat,
we will generally abuse notation and also use these symbols to indiate the
sheaves of germs of smooth setions and even the bundles themselves. These
onventions will be arried through to all bundles that we disuss. We write
E to denote the trivial bundle over M . Penrose's abstrat index notation is
embraed throughout, so tensor produts of these bundles will be indiated
by adorning the symbol E with appropriate abstrat indies. For example,
in this notation ⊗2T ∗M is written Eab. An index whih appears twie, one
raised and one lowered, indiates a ontration. These onventions will be
extended in an obvious way to the trator bundles desribed below. In all
settings indies may also be suppressed (omitted) if superuous by ontext.
The bundle Q is a prinipal bundle with group R+, so there are natural
line bundles on (M, [g]) indued from the irreduible representations of R+.
We write E [w] for the line bundle indued from the representation of weight
−w/2 on R (that is R+ ∋ x 7→ x
−w/2 ∈ End(R)). Thus a setion of E [w]
orresponds to a real-valued funtion f on Q with the homogeneity property
f(x,Ω2g) = Ωwf(x, g), where Ω is a positive funtion onM , x ∈M , and g is
a metri from the onformal lass [g]. We use the notation Ea[w] for Ea⊗E [w]
and so on. Note that for onsisteny with [1℄, this onvention diers in sign
from the one of [14, Setion 4.15℄.
Let E+[w] be the bre subbundle of E [w] orresponding to R+ ⊂ R. Choos-
ing a metri g from the onformal lass denes a funtion f : Q → R by
f(gˆ, x) = Ω−2, where gˆ = Ω2g, and this learly denes a smooth setion of
E+[−2]. Conversely, if f is suh a setion, then f(g, x)g is onstant up the
bres of Q and so denes a metri in the onformal lass. Thus E+[−2] is
anonially isomorphi to Q, and the onformal metri gab is the tautologi-
al setion of Eab[2] that represents the map E+[−2] ∼= Q → E(ab). From this
there is a anonial setion gab of Eab[−2] suh that gabg
bc = δa
c
(where δa
c
is
the setion of Ea
c
orresponding to the identity endomorphism of the tangent
bundle). The onformal metri (and its inverse gab) will be used to raise and
lower indies without further mention. Given a hoie of metri g from the
onformal lass, we write ∇a for the orresponding Levi-Civita onnetion.
With these onventions the Laplaian ∆ is given by ∆ = gab∇a∇b = ∇
b∇b .
In view of the isomorphism E+[−2] ∼= Q, a hoie of metri also trivialises
the bundles E [w]. In partiular we will write ξg for the anonial setion of
E [1] satisfying g = (ξg)−2g. Conversely a setion of E+[1] learly determines
a metri by this relation, so suh a ξg is termed a hoie of onformal sale.
This determines a onnetion on E [w] via the orresponding trivialisation
of E [w] and the exterior derivative on funtions. We shall also denote suh
a onnetion by ∇a and refer to it as the Levi-Civita onnetion. Note in
partiular then that, by denition, ∇aξ
g = 0, so ∇a also preserves the on-
formal metri. The urvature Rab
c
d of the Levi-Civita onnetion is known
as the Riemannian urvature, and is dened by
(∇a∇b −∇b∇a)v
c = Rab
c
dv
d.
This an be deomposed into the totally trae-free Weyl urvature Cabcd and
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a remaining part desribed by the symmetri Rho-tensor Pab, aording to
Rabcd = Cabcd + 2gc[aPb]d + 2gd[bPa]c,
where [· · · ] indiates the antisymmetrization over the enlosed indies. The
Rho-tensor is a trae modiation of the Rii tensor Rab. We write J for
the trae P
a
a of P.
Under a onformal transformation we replae our hoie of metri g by
the metri gˆ = Ω2g, where Ω is a positive smooth funtion. The Levi-Civita
onnetion then transforms as follows:
(1) ∇̂aub = ∇aub −Υaub −Υbua + gabΥ
cuc ∇̂aσ = ∇aσ + wΥaσ.
Here ub ∈ Eb, σ ∈ E [w], and Υa := Ω
−1∇aΩ. The Weyl urvature is on-
formally invariant, that is Ĉabcd = Cabcd, and the Rho-tensor transforms by
(2) P̂ab = Pab −∇aΥb +ΥaΥb −
1
2Υ
cΥcgab.
For the density bundle E [1], we have the jet exat sequene at 2-jets,
0→ E(ab)[1]→ J
2(E [1])→ J1(E [1])→ 0,
where (· · · ) indiates symmetrization over the enlosed indies. Note we have
a bundle homomorphism E(ab)[1]→ E [−1] given by omplete ontration with
gab. This is split via ρ 7→ 1nρgab and so the onformal struture deomposes
E(ab)[1] into the diret sum E(ab)0 [1]⊕E [−1]. Clearly then E(ab)0 [1] is a smooth
subbundle of J2(E [1]), and we dene EA to be the quotient bundle. That is,
the standard trator bundle EA is dened by the exat sequene
(3) 0→ E(ab)0 [1]→ J
2(E [1])→ EA → 0.
The jet exat sequene at 2-jets and the orresponding sequene at 1-jets,
viz 0 → Ea[1] → J
1(E [1]) → E [1] → 0, determine a omposition series for
EA whih we an summarise via a self-explanatory semi-diret sum nota-
tion EA = E [1] +
✞
✝ Ea[1] +
✞
✝ E [−1]. We denote by XA the anonial setion of
EA[1] := EA ⊗ E [1] orresponding to the mapping E [−1]→ EA.
Composing the anonial projetion J2(E [1])→ EA with the 2-jet operator
j2 yields an invariant dierential operator 1nD
A : E [1] → EA. On the other
hand, if we hoose a metri g from the onformal lass, then the map
j2xσ 7→ [
1
nD
Aσ(x)]g := (σ(x),∇aσ(x),−
1
n (∆ + J)σ(x)),
indues an isomorphism EA → E [1]⊕Ea[1]⊕E [−1] =: [E
A]g of vetor bundles.
Tautologially the displayed formula for
1
n [D
Aσ(x)]g gives the operator D
A
in terms of this deomposition. If the image of V A ∈ EA is [V A]g = (σ, µa, τ),
then from the hange in the Levi-Civita onnetion (1) we get
[V A]gˆ = ̂(σ, µa, τ) = (σ, µa + σΥa, τ −Υbµ
b − 12σΥbΥ
b).
This transformation formula haraterises setions of EA in terms of triples
in E [1] ⊕ Ea[1] ⊕ E [−1]. With a xed resaling of the map E [−1] → E
A
, we
have [XA]g = (0, 0, 1). It is onvenient to introdue sale-dependent setions
ZAb ∈ EAb[−1] and Y A ∈ EA[−1] mapping into the other slots of these
triples so that [V A]g = (σ, µa, τ) is equivalent to
V A = Y Aσ + ZAbµb +X
Aτ.
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Y A ZAc XA
YA 0 0 1
ZAb 0 δb
c 0
XA 1 0 0
Figure 1. Trator inner produt
If Yˆ A and ZˆAb are the orresponding quantities in terms of the metri gˆ =
Ω2g then we have
(4) ZˆAb = ZAb +ΥbXA, Yˆ A = Y A −ΥbZ
Ab − 12ΥbΥ
bXA.
The standard trator bundle has an invariant metri hAB of signature
(p + 1, q + 1) and an invariant onnetion, whih we shall also denote by
∇a, preserving hAB . If V
A
is as above and V B ∈ EB is given by [V B]g =
(σ, µ
b
, τ), then
hABV
AV B = µbµ
b
+ στ + τσ.
Using hAB and its inverse to raise and lower indies, we immediately see that
YAX
A = 1, ZAbZ
A
c = gbc
and that all other quadrati ombinations that ontrat the trator index
vanish. This is summarised in Figure 1. Thus we also have YAV
A =
τ, XAV
A = σ, ZAbV
A = µb and the metri may be deomposed into
a sum of projetions, hAB = ZA
cZBc +XAYB + YAXB .
If for a metri g from the onformal lass V A ∈ EA is given by [V A]g =
(σ, µa, τ), then the invariant onnetion is given by
(5) [∇aV
B ]g =
 ∇aσ − µa∇aµb + gabτ + Pabσ
∇aτ − Pabµ
b
 .
The trator metri will be used to raise and lower indies without further
omment. We shall use either horizontal (as in [V B]g = (σ, µb, τ)) or
vertial (as in (5)) notation, depending on whih is learer in eah given
situation.
Tensor produts of the standard trator bundle, skew or symmetri parts
of these and so forth are all termed trator bundles. The bundle tensor
produt of suh a bundle with E [w], for some real number weight w, is termed
a weighted trator bundle. For example EA1A2···Aℓ [w] = EA1⊗· · ·⊗EAℓ⊗E [w]
is a weighted trator bundle. Given a hoie of onformal sale we have the
orresponding Levi-Civita onnetion on tensor and density bundles. In
this setting we an use the oupled Levi-Civita trator onnetion to at on
setions of the tensor produt of a tensor bundle with a trator bundle. This
is dened by the Leibniz rule in the usual way. For example if ubV Cσ ∈
Eb ⊗ EC ⊗ E [w] =: EbC [w], then ∇au
bV Cσ = (∇au
b)V Cσ + ub(∇aV
C)σ +
ubV C∇aσ. Here ∇ means the Levi-Civita onnetion on u
b ∈ Eb and σ ∈
E [w], while it denotes the trator onnetion on V C ∈ EC . In partiular with
this onvention we have
(6) ∇aXA = ZAa , ∇aZAb = −PabXA − YAgab , ∇aYA = PabZA
b,
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whih for the purposes of automating alulations is a very useful desription
of the trator onnetion.
Note that if V is a setion of EΦ[w], whih means simply some trator
bundle of weight w, then the oupled Levi-Civita trator onnetion is not
onfomally invariant but transforms just as the Levi-Civita onnetion trans-
forms on densities of the same weight. That is
∇̂aV = ∇aV + wΥaV
under the onformal resaling g 7→ gˆ = Ω2g (f. (1)). It is an elementary
exerise using the last transformation formulae and (4) to show that, for
V ∈ EΦ[w], the formula
(7) DAPV := 2wX [PY A]V + 2X [PZA]b∇bV
determines an invariant operator DAP : EΦ[w] → E [AP ] ⊗ EΦ[w]. (This
was rst developed in early versions of [29℄ and is losely related to the
fundamental D operator developed in [14℄.) Sine we an vary the weight
and the trator bundle EΦ, DAP is really an entire family of operators. The
point is that with the way we have dened ∇, the same formula works for
the entire family, and so it is reasonable to let the single symbol DAP denote
all of these operators. We abuse terminology and desribe it as an operator.
(The Levi-Civita onnetion is usually used this way.) If we have a single
formula Op that gives a family of onformally invariant operators
Op : EΦ ⊗ V → EΦ ⊗W
as we range over all trator bundles EΦ then, following [19℄, we desribe Op
as a strongly invariant operator. For example DAP is strongly invariant.
As already pointed out DAP is rather more universal sine we an vary the
weight w as well. Thus we an form ompositions of this operator with
itself, and in partiular we onsider hABDA(QD|B|P )0V for V ∈ E
Φ[w] some
weighted trator. Expanding this out using (6), (7), and the Leibniz rule for
∇, it is easily veried that it may be re-expressed in the form
hABDA(QD|B|P )0V = −X(QDP )0V,
where D is some operator determined expliitly in the alulation. Sine the
map EP [w− 1]→ E(PQ)0 [w] given by SP 7→ X(QSP )0 is injetive, this estab-
lishes DA : E
Φ[w] → EA ⊗ E
Φ[w − 1] as a onformally invariant dierential
operator on weighted trator bundles. For V ∈ EΦ[w], this is given by
(8) DAV := (n+ 2w − 2)wY AV + (n+ 2w − 2)ZAa∇aV −X
A
V,
where
(9) V := ∇p∇
pV +wJV.
So DA is in fat preisely the trator D-operator in [1℄. Note the identity
(10) DAX
AV = (n+ 2w + 2)(n + w)V,
whih we will use later.
The urvature Ω of the trator onnetion is dened by
[∇a,∇b]V
C = Ωab
C
EV
E
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for V C ∈ EC and is preisely the loal obstrution to onformal atness.
(That is loally there is a at metri in the onformal lass if and only if this
urvature vanishes.) Using (6) and the usual formulae for the urvature of
the Levi-Civita onnetion we alulate (f. [1℄)
(11) ΩabCE = ZC
cZE
eCabce − 4X[CZE]
e∇[aPb]e.
It is straightforward to use this and (6) to show that if V ∈ ECE···F [w], then
(12)
[DA,DB ]VCE···F =
(n + 2w − 2)[WABC
QVQE···F + 2wΩABC
QVQE···F
+4X[AΩB]
s
C
Q∇sVQE···F + · · ·+WABF
QVCE···Q
+2wΩABF
QVCE···Q + 4X[AΩB]
s
F
Q∇sVCE···Q].
Here ΩABCE = ZA
aZB
bΩabCE , ΩBsCE = ZB
bΩbsCE, and
(13) WABCE = (n− 4)ΩABCE − 2X[AZB
b
]∇
pΩpbCE.
It follows that on onformally at strutures [DA,DB ]VCE···F = 0. Similarly
it is easily veried that [DB ,DC ] annihilates densities.
We should point out some features of WABCE . Firstly, it is onformally
invariant. One an already see this from (12) by setting w = 0 and then on-
sidering setions VC of EC suh that ∇aVC vanishes at a given point. This
is also immediately lear from the formula WAB
K
L :=
3
n−2D
PX[PΩAB]
K
L
(see [29℄), whih is readily veried. From this several things are immedi-
ately lear. Firstly, WABCE vanishes on onformally at strutures. Next,
we have that WABCE = W[AB][CE] and that it is trae-free (sine ΩABCE is
annihilated by ontration with XP on any index). Furthermore expanding
(13) reveals that W[ABC]E = 0. Thus WABCE has Weyl tensor symme-
tries. Whene it is immediately lear that WABCE is also annihilated upon
ontration with XP .
Finally we should omment on the uniqueness of this trator alulus. In
setions 2.6 and 2.7 of [13℄ it is shown that the transformation properties (4)
and the form of the onnetion (6) identify EA and its trator onnetion ∇a
as above as a normal trator bundle and onnetion orresponding to the
dening representation of SO(p+1, q+1). Let V be Rn+2 as the representa-
tion spae for the standard (or dening) representation of SO(p + 1, q + 1).
We an onstrut [14℄ from the pair (EA,∇a) a prinipal bundle G whih is
the frame bundle for EA orresponding to the metri and ltration. This
has bre P , a ertain paraboli subgroup of SO(p+1, q+1). A Cartan on-
netion ω on G is determined by ∇. This is the normal Cartan onnetion
on G suh that ∇a is the vetor bundle onnetion indued from ω. That is
the normality ondition on the pair (EA,∇a) is equivalent to the pair (G, ω)
being a normal Cartan bundle and onnetion in the sense of [15℄.
2.1. Conformally invariant powers of the Laplaian. Sine the trator-
D operator onstruted above is well-dened on any weighted trator bundle,
we an ompose the trator-D operators. It is lear from the formula for the
trator-D operator that any suh omposition will yield a natural operator,
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that is an operator whih an be written as a polynomial formula in terms of
a representative metri, its inverse, the metri onnetion and its urvature.
On densities of the appropriate weight and with some minor adjustment a
omposition of this form will lead to onformally invariant operators with
prinipal part a power of the Laplaian.
First let us observe how the onformal Laplaian arises from the trator
mahinery. Let f ∈ E [1− n/2]. Then observe that immediately from (8) we
have DAf = −XAf . Sine DA is onformally invariant we have immedi-
ately that for f ∈ E [1 − n/2], f is onformally invariant. From (9) this is
(∇a∇a +
2−n
2 J)f  the usual onformal Laplaian.
Now suppose that instead we have f ∈ EΦ[1−n/2], where here and below
EΦ[w] will be used to indiate any trator bundle of weight w. We still have
(14) DAf = −XAf,
but now in f = (∇a∇a+
2−n
2 J)f , ∇ means the Levi-Civita trator oupled
onnetion. In partiular this establishes a strongly invariant generalisation
of the Yamabe operator on trator setions of the said weight.
It is lear from our observations that that there is a onformally invariant
operator
DA1DA2 · · ·DAk−1 : E [k − n/2]→ EA1A2···Ak−1 [−1− n/2].
In the onformally at ase this already yields an operator between densities
(f. [28℄).
Proposition 2.1. On onformally at strutures, if f ∈ E [k − n/2], then
DAk−1 · · ·DA1f = (−1)
k−1XA1 · · ·XAk−12kf,
where 2k : E [k − n/2] → E [−k − n/2] is a onformally invariant operator.
Loally we an hoose a at metri from the onformal lass. This determines
a onnetion in terms of whih we have 2kf = ∆
kf .
Proof. In any hoie of onformal sale, expand out DAk−1 · · ·DA1f via
the formula (8) and move the X,Y,Z's to the left of all ∇'s via the iden-
tities (6). It is immediately lear that the highest order term is preisely
(−1)k−1XA1 · · ·XAk−1∆
kf and that any other oeient of XA1 · · ·XAk−1
involves the urvature Pab or its trae.
On the other hand, on onformally at strutures, [DA,DB ]V = 0 for
V any weighted trator eld. Thus DAℓ · · ·DA1f is ompletely symmetri
for any ℓ ∈ Z+. In partiular DAk−1 · · ·DA1f ∈ E(A1···Ak−1)[−1 − n/2]
and DAkDAk−1 · · ·DA1f ∈ E(A1···Ak)[−n/2]. Consequently it must be that
0 = D[AkDAk−1] · · ·DA1f . But DAk−1 · · ·DA1f has weight 1 − n/2, so from
(14) this implies X[AkDAk−1]DAk−2 · · ·DA1f = 0. It follows immediately
that DAk−1DAk−2 · · ·DA1f = (−1)
k−1XA1 · · ·XAk−12kf for some opera-
tor 2k. With the above we are done. 
If we are happy to work in the sale of a at metri then there is an even
simpler proof along the lines of the proof of Proposition 4.3. We leave this
for the reader.
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By the same ideas as in the proof above, it is easy to use (12) and (8) to
show that, if k ≥ 3, then X[AkDAk−1]DAk−2 · · ·DA1f 6= 0 for f ∈ E [k−n/2]
on a general onformally urved manifold. Thus the proposition fails if we
remove the requirement of onformal atness. One way to generalise the 2k
is as follows.
Consider
DA1 · · ·DAk−1DAk−1 · · ·DA1f
for f ∈ EΦ[k − n/2]. This is manifestly strongly onformally invariant in all
dimensions and for all positive integers k. Furthermore by the identity (10)
we have that, on onformally at strutures,
(15) DA1 · · ·DAk−1DAk−1 · · ·DA1f =
(
k∏
i=2
(n − 2i)(i − 1)
)
2kf.
On the other hand for general onformally urved strutures, suppose that
the dimension n is odd or satises 2k < n. Then we an dene 2kf by (15),
and this gives a onformally invariant operator
(16) 2k : E
Φ[k − n/2]→ EΦ[−k − n/2]
with prinipal part ∆k. Here, as usual, EΦ[k − n/2] indiates any trator
bundle of weight k − n/2. In these dimensions this generalises the operator
2k of the proposition. Although we do not wish to desribe the urved
translation priniple [22, 19℄, it is worth pointing out that it is partly illus-
trated here. The trator formula (15) manifests 2k as a translate of the
Yamabe operator . In fat proeeding in smaller steps it demonstrates 2k
as a translate of 2k−2.
Before we move on, let us demonstrate that the operators 2k are formally
self-adjoint. We summarise some results we need from Setion 7 of [7℄ in
the following proposition. These results an be veried easily using the
denitions above, and it is important for our needs to note that this works
in a rather formal manner. That is, we an leave the dimension and weight
as unknown in the alulations.
Proposition 2.2. On a onformal manifold M we have
(i) If ψB ∈ ΓEB[w] and ϕ ∈ ΓE [1 − n − w] is ompatly supported on M ,
then ∫
M
ϕDAψ
A =
∫
M
(DAϕ)ψ
A.
(ii) If EΦ is any trator bundle, then EΦ is anonially isomorphi to its
dual EΦ via the trator metri and for any pair ψ
Φ, ϕΦ ∈ ΓEΦ[1 − n/2],
(EΦ[1− n/2] := EΦ ⊗ E [1− n/2]) we have∫
M
ϕΦψΦ =
∫
ψΦϕΦ.
Sine E [−n] is naturally identied with the spae of volume densities the
integrals are well-dened. Now part (ii) of the proposition asserts 2 =  is
formally self-adjoint, while the same result for DA1 · · ·DAk−1DAk−1 · · ·DA1
follows immediately from this and repeated use of (i). So the formal self-
adjoint property of 2k is proved. It should be pointed out that as well
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as observing that DA1 · · ·DAk−1DAk−1 · · ·DA1f reovers a onformally in-
variant power of the Laplaian, M.G. Eastwood also observed the formal
self-adjoint property. It is lear from (15) that, unfortunately, this formula
does not yield a onformally invariant operator of order n on even dimen-
sional strutures, yet the existene of suh an operator is guaranteed by the
onstrution of [32℄.
Reall from Setion 2 that if f ∈ E [w], then [DA,DB ]f = 0, and so the
k = 2 ase of the proposition does hold on general onformal strutures. In
partiular, as observed in [28℄, for f ∈ E [2 − n/2] we an dene P ′4f by the
quotient formula
DAf = −XAP
′
4f.
Then P ′4 has priniple part ∆
2
. This onstrution works even when n = 4,
and in other dimensions P ′4 = 4 as dened above. It is not hard to do the
next even order in a similar way. If now f ∈ E [3−n/2], then [DB ,DC ]f = 0
and hene DBDCf = D(BDC)f . Now it is a short exerise, using (12) and
the denition of WABCD one more, to show that
(n− 4)X[ADB]DCf = −2X[AWB]
S
C
TDSDT f.
Now from the fat that DSDT f is symmetri and that WBSCT has Weyl
tensor type symmetries, we an dedue that in dimensions n 6= 4,
(17) PBCf := DBDCf +
2
n− 4
WB
S
C
TDSDT f
is symmetri (i.e. PBCf ∈ E(BC)[−1 − n/2]). On the other hand, from the
previous display X[APB]Cf = 0. Thus, for n 6= 4,
PBCf = XBXCP
′
6f,
where P ′6 is a onformally invariant operator E [3 − n/2] → E [−3 − n/2]
generalising (for the allowed dimensions) the sixth-order operator of Propo-
sition 2.1. In partiular this works in dimension 6.
We should point out that although 2k as dened by (15) is manifestly
strongly invariant, we annot onlude this for P ′6 as dened here. The
operator PBC dened above is learly invariant when ating on weighted
trators, but the argument here to dedue that PBCf has the formXBXCP
′
6f
relies on the vanishing of [DA,DB ]f .
We will establish in Setion 4 (see in partiular Subsetion 4.1) the fol-
lowing result.
Proposition 2.3. The operators P ′4 and P
′
6 dened by the trator expressions
above are preisely the fourth-order and sixth-order GJMS operators. That is
P ′4 = P4, P
′
6 = P6. A trator expression for the eighth-order GJMS operator
P8 is as follows:
XAXBXCP8f =
−DADBDCf −
2
n−4WA
P
B
QDPDQDCf −
2
n−4WA
P
C
QDPDBDQf
− 4n−6XAUB
P
C
QDPDQf +
2
(n−4)(n−6)XAD
EWB
P
C
QDEDPDQf
+4 n−2(n−4)2(n−6)XAWB
P
C
QWP
S
Q
TDSDT f ,
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where all operators at on everything to their right, in a given term, and
UB
P
C
Q
is the trator eld
2
(n−4)2
(
WAPB
FWFAC
Q +WAPC
FWBAF
Q +WAPQFWBACF
)
.
HereDEWB
P
C
QDEDPDQf is taken to meanD
E(WB
P
C
QDEDPDQf) (and
not (DEWB
P
C
Q)DEDPDQf ). This and similar onventions for other oper-
ators and situations will apply throughout the paper.
We should emphasise at this point that the trator formulae for P4, P6
and P8 above, and similar ones for the higher order P2k that we ould easily
onstrut via the algorithm of Setion 4, are genuine formulae for the GJMS
operators. No further algorithm is required. They are valid on any onfor-
mal manifold where the given GJMS operators exist. In this trator form
they are already suitable for many appliations, suh as establishing strong
invariane or onstruting related operators. The remainder of the setion
will demonstrate this.
We begin by using the trator formulae diretly to show that the operators
P4, P6 and P8 are formally self-adjoint (FSA). We treat these in order. For
f ∈ E [2− n/2], we have
(18) DAf = −XAP4f whih implies D
A
DAf = (n− 4)P4f.
We have already observed that DA1 · · ·DAk−1DAk−1 · · ·DA1 is FSA on
E [k − n/2]. So from the seond of these it is lear that P4 is FSA in dimen-
sions other than 4. From the expressions (8) and (9) it follows that DADAf
and DAf , as expressions in terms of Levi-Civita ovariant derivatives of f ,
Pab and J, are polynomial in n. So from (18) it is lear that (4− n) divides
this expression for DADAf and so P4f is also given as a formula polyno-
mial in n and the Levi-Civita ovariant derivatives of f , Pab and J. Working
among tensors of this form a alulation to verify the FSA property of P4
(in dimensions greater than 4) an be arried out formally in dimension n,
sine Proposition 2.2 is established that way. It follows immediately that
the same alulation must work when we set n = 4. Thus P4 is also FSA
in dimension 4. Now for P6, let f ∈ E [3 − n/2] and note that DBDCf
and WB
S
C
TDSDT f are polynomial in n. Thus PBCf is rational in n with
a singularity only at n = 4. From PBCf = XBXCP6f we have
(n− 4)DCDBPBCf
= (n− 4)DCDBDBDCf + 2D
CDBWB
S
C
TDSDT f
= 2(n − 4)2(n− 6)P6f.
Now sine WBSCT has the Weyl tensor symmetries (in fat here we just
need WBSCT = WCTBS = WTCSB), it follows from Proposition 2.2 that
DCDBWB
S
C
TDSDT is FSA on E [3 − n/2]. We know D
CDBDBDCf is
also FSA and as expressions in terms of Levi-Civita ovariant derivatives
of f , Cabcd, Pab, and J, both of these and (n − 4)PBC are polynomial in
n. Thus the expression like this for DCDBPBCf is divisible by (n − 6), so
reasoning as for P4, we quikly onlude that P6 is FSA in all dimensions for
whih it is dened. Finally, sine UABCD also has Weyl tensor symmetry (as
readily veried diretly or sine it orresponds to ∆RABCD as in Setion 3),
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it follows that DCDBUB
P
C
QDPDQf is FSA for f ∈ E [4 − n/2]. A similar
omment applies to the other terms on the right-hand side of the formula,
6(n− 4)2(n− 6)(n − 8)P8f =
(n− 4)DCDBDADADBDCf + 2D
CDBDAWA
P
B
QDPDQDCf
+2DCDBDAWA
P
C
QDPDBDQf − 4
(n−4)2
n−6 D
CDBUB
P
C
QDPDQf
+2n−4n−6D
CDBDEWB
P
C
QDEDPDQf
+4n−2n−6D
CDBWB
P
C
QWP
S
Q
TDSDT f,
whih follows from the earlier display for P8. This shows immediately that
P8f is FSA in dimensions other than 8, and then, arguing as in the previous
ases, we an dedue that it is also FSA in dimension 8. We have diretly
proved the following.
Proposition 2.4. The GJMS operators P4, P6 and P8 are formally self-
adjoint.
In fat the result is also immediate from the formulae for these operators
in Setion 2.2. The formulae there are given in terms of the Levi-Civita
onnetion and its urvature and are in a anonial form that manifests the
formal self-adjoint symmetry. (It should be pointed out that in deriving
those formulae formal self-adjointness was not assumed.)
Reently the entire family of operators P2k have been shown to be formally
self-adjoint by other means [35, 27℄.
In Setion 4 we will show that there are similar trator formulae for all
of the GJMS operators and that these trator formulae share some of the
qualitative features of the examples above. In partiular we will prove the
following theorem.
Theorem 2.5. (i) In eah dimension n and for eah integer 2 ≤ k, with
k ≤ n/2 if n is even, there is a onformally invariant dierential operator
ECD
AB : EAB [k − 2− n/2]→ ECD[2− k − n/2]
suh that
ECD
ABDADBf = XCXDP2kf
for f ∈ E [k − n/2], where P2k : E [k − n/2] → E [−k − n/2] is the order 2k
GJMS operator. The operator is given by a formula whih is a partial on-
tration polynomial in , DA, WABCD, XA, hAB and its inverse h
AB
.
(ii) With n and k as in (i) and for EΦ any trator bundle, there is a onfor-
mally invariant dierential operator
ECD
AB : EΦ ⊗ EAB [k − 2− n/2]→ E
Φ ⊗ ECD[2− k − n/2]
whih generalises the operator of part (i).
(iii) On onformally at strutures the operator E is, up to a non-zero sale,
2k−4. In this ase, given a hoie of at metri from the onformal lass,
E is, up to a non-zero sale, ∆k−2.
Proof. We have already observed that for f ∈ E [2−n/2], we have (see (18))
DAf = −XAP4f . Sine then DAf ∈ EA[1 − n/2] we have XBDAf =
−DBDAf , and so we have (i) for k = 2. Otherwise establishing part (i) is
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the primary purpose of Setion 4. More preisely, from the disussion there
we obtain Proposition 4.5, whih asserts that
XAk−1 · · ·XA1P2kf = (−1)
k−1
DAk−1 · · ·DA1f +ΨAk−1···A1
PQDPDQf.
Applying DA3 · · ·DAk−1 to both sides of this and using (10), we obtain
XA1XA2P2kf = EA1A2
PQDPDQf,
where
(19)
EA1A2
PQ = 2(k−2)δA1
P δA2
Q+
(
∏k−2
i=2 (2i− n)(i− 1))
−1DA3 · · ·DAk−1ΨAk−1···A3A2A1
PQ.
As explained in Proposition 4.5, Ψ is given expliitly by a sum of terms
eah of whih is a monomial in DA, WABCD, XA, hAB , and its inverse h
AB
.
Eah suh monomial is thus a omposition of strongly onformally invariant
operators. So EA1A2
PQ
is a sum of ompositions of strongly onformally
invariant operators. Just knowing that EA1A2
PQ
is a sum of ompositions
of onformally invariant operators of this form gives part (i). Then part (ii)
is immediate from the fat that these are strongly invariant operators.
Next we show part (iii). From Proposition 4.5 eah term in the expression
for Ψ is of degree at least 1 in WABCD. The latter vanishes on onformally
at strutures. Thus, from (19), on suh strutures E is just 2k−4. From
Proposition 2.1, given a hoie of at metri from the onformal lass, we
have 2k−4 = ∆
k−2
. 
Remarks: In regard to part (i) of the theorem we should point out that
Setion 4 not only establishes the existene of a formula for E whih is a
partial ontration polynomial in DA, WABCD, XA, hAB , and its inverse
hAB , but desribes an algorithm for nding suh a formula.
It seems likely that the operator E in the theorem is formally self-adjoint.
Note for example, if we write E∗ for the formal adjoint of E, then from
Proposition 2.2, the identity (10), and the result that P2k is formally self-
adjoint, we have (
∏k
i=k−1(n−2i)(i−1))P2k = D
ADBE∗AB
PQDPDQ on E [k−
n/2].
Finally we should add that the terms whih distinguish the P2k from the
2k do not vanish in general. At least we have veried by diret alulation
that for f ∈ E [3−n/2] (and n 6= 4) the leading term ofDCDBWB
S
C
TDSDT f
is a non-zero salar multiple of CacdeC
bcde∇a∇bf . Thus P6 is not simply a
salar multiple of 6.
It is a non-trivial matter to know when onformally invariant operators
have strongly invariant generalisations. Some do not. For example in dimen-
sion 4 we know there is a onformally invariant operator P4 : E → E [−4] with
prinipal part ∆2. Suppose there were a strongly invariant generalisation of
this. Then, in partiular, it would give a onformally invariant operator
HA
B : EB → EA[−4] with prinipal part ∆
2
. (Here we mean the prinipal
part as an operator between the reduible bundles indiated.) Then, in the
ase of Riemannian signature onformal 4-manifolds, using the elliptiity of
this, (10), Proposition 2.2 and the dierential operator existene results in
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the onformally at setting (f. [23℄) we an onlude that we would have
a onformally invariant operator DAHA
BDB : E [1] → E [−5] with prinipal
part ∆3 (on arbitrary onformal 4-manifolds). This ontradits C.R. Gra-
ham's non-existene result [31℄, and so we an onlude the operator HA
B
does not exist. (See also [22℄.) However P4 does have a strongly invariant
generalisation in all other dimensions. This is just 4 as a speial ase of
(16). More generally, a onsequene of part (ii) of the theorem is that the
GJMS operators P2k admit strongly invariant generalisations exept in the
ritial dimension n = 2k. That is, we have the following proposition on
n-dimensional onformal manifolds:
Corollary 2.6. For eah integer k ≥ 1, with 2k < n if n is even, there is
a (trator) formula that gives, for eah trator bundle EΦ, a formally self-
adjoint dierential operator
PΦ2k : E
Φ[k − n/2]→ EΦ[−k − n/2],
where EΦ[w] := EΦ ⊗ E [w]. The operator has prinipal part ∆k and an be
expressed as a sum of 2k and a ontration polynomial in DA, WABCD,
XA, hAB, and its inverse h
AB
. In the onformally at ase the operator is
2k. In the ase that E
Φ = E then PΦ2k = P2k.
Proof. Sine DA is strongly invariant and sine also, from (ii) of the theorem,
EAB
PQ
is strongly invariant, it follows that there is a onformally invariant
operator (F := (
∏k
i=k−1(n − 2i)(i − 1))
−1DADBEAB
PQDPDQ) : E
Φ[k −
n/2]→ EΦ[−k−n/2] for any trator bundle. By (10) this preisely reovers
the GJMS operator P2k if E
Φ[k − n/2] is simply the density bundle E [k −
n/2]. Now onsider the formal adjoint F ∗ of F . This is another onformally
invariant operator EΦ[k − n/2]→ EΦ[−k − n/2] (where as usual we identify
EΦ with its dual via the trator metri). Sine P2k is formally self-adjoint,
it is lear that, when applied to E [k − n/2], F ∗ also reovers the GJMS
operator. Thus (F + F ∗)/2 is the required formally self-adjoint operator.
It is lear from Proposition 4.5 that we an express F by a formula whih
is a sum of 2k and a ontration polynomial in DA, WABCD, XA, hAB ,
and its inverse hAB . From that proposition we also have that eah term in
the latter polynomial expression is of degree at least 1 in WABCD. Using
Proposition 2.2 and the formal self-adjoint property of 2k, we see that
there is an expression for F ∗ as a sum of 2k and a ontration polynomial
in DA, WABCD, XA, hAB , and its inverse h
AB
. Again eah term in the
latter polynomial is of degree at least 1 in WABCD. So the nal part of the
orollary follows from these observations and Proposition 2.1. 
2.2. Conventional formulae. There are irumstanes where it is useful
to have expliit formulae for the GJMS-related operators and invariants in
terms of the Levi-Civita onnetion and its urvature. These formulae are
generally umbersome. But the various urvature terms are losely related
to the spetrum of the operator, so it is important to be able to extrat these
expliitly. In partiular, for example, issues of positivity an be investigated
diretly in this setting. Moreover suh formulae are ready to be mehanially
rewritten in loal oordinates should this be required.
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Here we will desribe how to re-express trator formulae for P2kf into
formulae whih are polynomial in g, its inverse, ∇ (meaning the Levi-Civita
onnetion), C, P and J, and of ourse linear in f .
For the most part, the proess is simply an expansion of the trator for-
mulae using the denitions above. Consider the Paneitz operator P4 rst.
We observed in Proposition 2.3 that for f ∈ E [2− n/2], −XAP4f = DAf .
So P4f = −Y
A
DAf , and we ould simply alulate this salar quantity
Y ADAf . In fat we prefer to expand the entire trator valued quantity
DAf using (8) and (9). Aording to its denition, DA lowers weight by
1. Thus DAf is given by
(∇b∇
b + (1−
n
2
)J)((4 − n)YAf + 2ZA
a∇af −XA(∇c∇
c + (2−
n
2
)J)f).
Now we simply move the XA, YA and ZA
a
to the left of all other operators
by repeated use of (6). This is easily done by hand and simplied via the
Bianhi identity to yield
−DAf = XA(∆
2f − (n− 2)J∆f + 4Pij∇i∇jf − (n− 6)(∇
i
J)∇if
− n−42 (∆J)f +
n(n−4)
4 J
2f − (n − 4)PijP
ijf).
The oeient of XA on the right-hand side is a formula for the Paneitz
operator. Note that the oeient of YA and the oeient of ZA
a
both
turned out to be zero. Of ourse this is exatly as predited by our formula
−XAP4f = DAf , but it provides a very useful hek of the formulae to
verify this. So this is all there is to produing the required formula for P4
from the trator formula. Before we ontinue with the general ase let us
just reorganise the result.
For any linear dierential operator on densities of the appropriate weight
there is a anonial form for the formula whih, among other features, mani-
fests the symmetry in the formally self-adjoint and formally anti-self-adjoint
parts [21℄. As already observed, the Paneitz operator is formally self-adjoint.
Applying this idea to the formula above yields
(20) P4f = ∇i∇jS
ijkl
4 ∇k∇lf +∇iS
ij
2 ∇jf +
n−4
2 Q
g
4,nf.
Here S
ijkl
4 and S
ij
2 are the tensors (1/3)(g
ilgjk + gikgjl + gijgkl) and
4−3n
3 g
ij
J− 2(n−8)3 P
ij ,
respetively, and Qg4,n denotes the salar
(21)
n
2 J
2 − 2PijP
ij −∆J.
In (20), the ∇'s at on all tensors to their right within the given term.
We now disuss the general ase. Expliit trator formulae are readily
produed by the algorithm desribed in Setion 4, and so we shall suppose
we are beginning with a formula for P2k as desribed in Proposition 4.5. The
formulae for P6 and P8 above (see Proposition 2.3) give expliit examples
that an be kept in mind. These formulae are polynomial in , DA,WABCD,
XA, hAB , and its inverse h
AB
. We replae eah of these with its formula
in terms of the oupled trator-Levi-Civita onnetion ∇, XA and so forth
aording to the formulae (8), (9), (11), and (13). In doing so we note that
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W has weight −2 and that D lowers the weight of a trator by 1. Next we
move all ourrenes of XA, ZA
a
, and YA to the left of the ∇ via repeated
use of (6). At the end of this proess all trator valued objets are to the
left of the remaining ∇'s, and so at this point these ∇'s are simply Levi-
Civita ovariant derivative operators. Next we use the inner produt rules of
Figure 1 to simplify the resulting expression. The formula for P2kf is then
simply the overall oeient of XA1XA2 · · ·XAk−1 . From Proposition 4.5 all
other slots of the trator expression vanish. That is, the sum of the terms
that do not ontain XA1XA2 · · ·XAk−1 is zero. Verifying this or even partly
verifying this provides a very serious hek of all formulae and any software
that are used in the alulation. For example, one an verify that the sum
of the terms ontaining ZA1
aXA2 · · ·XAk−1 vanishes.
This proedure is very simple. But there are many terms involved, as the
next examples will illustrate. Thus it beomes very useful to be able alulate
via a suitable omputer algebra system. For the examples below the authors
used Mathematia and J. Lee's Rii program [39℄, whih proved to be very
eetive. Certainly the P8 ase is beyond a reasonable hand alulation.
The use of software and the self-heking nature of the formulae as disussed
above mean that one an be ondent of the nal result.
As a tehnial point for these alulations, we desribe a simple tehnique
whih an onsiderably redue the omputing time they require. One an
implement this tehnique by developing a short omputer programme. We
begin by noting that ertain steps in the omputation may produe trator
inner produts of the form ΨB1B2...BℓΦ
B1B2...Bℓ
, where the indies B1, B2,. . . ,
and Bℓ appear as subsripts or supersripts attahed to the trators Y , Z,
andX. Suppose that ℓ is large and that the trators ΨB1B2...Bℓ and Φ
B1B2...Bℓ
are the sums of many terms. Suppose also that no derivatives of Y , Z, or
X our. The trator ΨB1B2...Bℓ is a linear ombination of the following 3
ℓ
terms:
YB1YB2 · · · YBℓ−1YBℓ
YB1YB2 · · · YBℓ−1ZBℓ
bℓ
YB1YB2 · · · YBℓ−1XBℓ
YB1YB2 · · ·ZBℓ−1
bℓ−1YBℓ
YB1YB2 · · ·ZBℓ−1
bℓ−1ZBℓ
bℓ
YB1YB2 · · ·ZBℓ−1
bℓ−1XBℓ
.
.
.
XB1XB2 · · ·XBℓ−1XBℓ
The oeients of these terms may, of ourse, be very ompliated. By
raising indies we may write ΦB1B2...Bℓ as a similar linear ombination. Eah
term of eah linear ombination may be paired o with at most one term
in the other linear ombination so as to give a nonzero inner produt. We
ompute the 3ℓ possible inner produts and add the results.
We onlude this setion with the alulation of P6 and P8 via these
methods, beginning with the trator formulae indiated in Proposition 2.3.
As a hek, the authors veried the vanishing of the overall oeient of the
ZB
iXC term in the expansion of (17). In a similar fashion, they also veried
the vanishing of the overall oeients of the XBZC
i
and ZA
iXBXC terms
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in the expansions for P6 and P8, respetively. This involved the use of the
Bianhi identities, tensor symmetries, and hanges in the order in whih
ovariant derivatives are taken. The authors also manipulated the resulting
formulae for the GJMS operators into the anonial form suggested in [21℄.
Here are the results:
P6 = ∇i∇j∇kT
ijklmp
6 ∇l∇m∇pf +∇i∇jT
ijkl
4 ∇k∇lf +∇iT
ij
2 ∇jf
+n−62 Q
g
6,nf.
Here T
ijklmp
6 and T
ijkl
4 are the symmetrizations of the tensors g
ijgklgmp and
2− 3n
2
Jgijgkl + (20 − 2n)P ijgkl,
respetively, and T
ij
2 is the tensor
(22)
−
(88−86n+n2)
15 (n−4) P
ij
|k
k −
2 (2176−768n+82n2+n3)
15 (n−4) P
i
kP
jk
−
2 (320−218n+27n2)
15 (n−4) g
ij
PklP
kl + (3n−2) (5n−54)15 P
ij
J
+ −164−120 n+45n
2
60 g
ij
J
2 − 2 (5n−22)15 g
ij
J|k
k − 744−250 n+31n
2
15 (n−4) J|
ij
+
2 (296−26n+3n2)
15 (n−4) PklC
ikjl − 415C
i
klmC
jklm.
Here and below, for typesetting onveniene, we write P
ij
|k
k
as an alternative
notation for ∇k∇kP
ij
and so forth. Finally, Qg6,n denotes the salar
(23)
− 8Pij |kP
ij
|
k − 8 (n−2)n−4 PijP
ij
|k
k + 64n−4PijP
i
kP
jk
+
4 (−4−4n+n2)
n−4 PijP
ij
J− (n−2) (n+2)4 J
3 + (n− 6) J|iJ|
i
+ 3n−22 JJ|i
i − 8 (n−6)n−4 PijJ|
ij − J|i
i
j
j − 32n−4PijPklC
ikjl.
We nd that P8f is given by
∇i∇j∇k∇lU
ijklmpqr
8 ∇m∇p∇q∇rf +∇i∇j∇kU
ijklmp
6 ∇l∇m∇pf
+∇i∇jU
ijkl
4 ∇k∇lf +∇iU
ij
2 ∇jf +
n−8
2 Q
g
8,nf.
In this formula, U
ijklmpqr
8 and U
ijklmp
6 denote the symmetrizations of the
tensors gijgklgmpgqr and
−2nJgijgklgmp − 4(n − 12)gijgklPmp,
respetively, and U
ijkl
4 denotes the symmetrization of the tensor
−8 (−12+n)
5 P
ij
|
kl + 4 (−12+n) (−64+5n)15 P
ij
P
kl + 24n−4+ng
ij
P
kl
|m
m
−
16 (1536−530 n+59n2)
15 (−4+n) g
ij
P
k
mP
lm −
2 (480−568 n+67n2)
15 (−4+n) g
ijgklPmpP
mp
+4n (−64+5n)5 g
ij
P
kl
J+ −96−20n+15n
2
10 g
ijgklJ2 + 24−5n5 g
ijgklJ|m
m
−
8 (120−31n+4n2)
5 (−4+n) g
ij
J|
kl +
16 (192−7n+n2)
15 (−4+n) g
ij
PmpC
kmlp − 1615C
i
m
j
pC
kmlp
−3215g
ijCkmpqC
lpmq.
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−4 (−19200+8468 n−980n2+27n3)
45 (−6+n) (−4+n) g
ij
Pkl|mP
kl
|
m
−
4 (2592−5262 n+625n2+14n3)
315 (−4+n) g
ij
PklP
kl
|m
m
−
4 (74928−21908 n−968n2+283n3)
315 (−6+n) (−4+n) g
ij
Pkl|mP
km
|
l
+
8 (311616−146460 n+27484n2−2167n3+5n4+7n5)
315 (−6+n) (−4+n) g
ij
PklP
k
mP
lm
+
2 (−44928−10224 n+14400n2−3206n3+203n4)
45 (−6+n) (−4+n) g
ij
PklP
kl
J
+−2560+1568 n+420n
2−105n3
210 g
ij
J
3 + 14820−3650 n+231n
2
315 g
ij
J|kJ|
k
+
4 (−6−31n+5n2)
15 g
ij
JJ|k
k
+
2 (480384−238464 n+44040n2−3346n3+91n4)
315 (−6+n) (−4+n) g
ij
PklJ|
kl − 3 (−48+7n)35 g
ij
J|k
k
l
l
+8 (188+21n)315 g
ij
Pkl|mpC
kmlp
−
8 (79488−20160 n+1020n2+50n3+7n4)
315 (−6+n) (−4+n) g
ij
PklPmpC
kmlp + 1645g
ij
JCklmpC
kmlp
−1645g
ijCklmp|qC
kmpq
|
l + 16 (−4+n)45 g
ij
PklC
k
mpqC
lpmq
−1645g
ijCklmpC
k
q
m
rC
lqpr − 1645g
ijCklmpC
km
qrC
lqpr
Figure 2. The tensor E
ij
We let U
ij
2 denote the symmetrization of the tensor E
ij + Fij + Gij , where
E
ij
, F
ij
, and G
ij
are as given in Figures 2, 3, and 4. Finally, Qg8,n denotes
the salar given in Figure 5.
2.3. Branson's Q-urvature. We have used P2k to indiate a onformally
invariant operator between densities, P2k : E [k − n/2]→ E [−k − n/2]. Sup-
pose we hoose a metri from the onformal lass. Then we an trivialise
these density bundles, and so P2k gives an operator P
g
2k between funtions
on the Riemannian (or pseudo-Riemannian) struture given by the hoie of
g. If we write (ξg)w for the operator given by multipliation by (ξg)w ∈ E [w],
then P g2kf = (ξ
g)k+n/2P2k(ξ
g)k−n/2kf . The GJMS operators as disussed,
for example, in [5℄ are the P g2k. In this form the operators are not invariant
but rather ovariant (see below), and onformally invariant operators are
often disussed entirely in this setting. For many purposes the dierene
between P2k and P
g
2k is rather small. In partiular, sine the Levi-Civita
onnetion orresponding to g annihilates ξg, the formulae above for the P2k
also serve as formulae for the operators P g2k. From Theorem 2.5 and the
formulae (8), (9),(11) and (13), there is a universal expression for P g2k whih
is polynomial in g, g−1, C, P, ∇, and the ∇ ovariant derivatives of C and
P, and the oeients in this universal expression are real rational funtions
of the dimension n whih are regular for all odd n and all n ≥ 2k.
Let Q˜2k,n be the loal invariant P
g
2k1 on a onformal n-manifold. Sine
P g2k is formally self-adjoint (FSA) it is lear we an write it in the form
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8 (63648−43740 n+8300n2−405n3+37n4)
315 (−6+n) (−4+n) PklP
ij
|
kl
−
2 (−1728+1164 n−292n2+n3)
105 (−6+n) (−4+n) P
ij
|k
k
l
l +
8 (−11108+5601 n−447n2+14n3)
315 (−4+n) Pkl|
j
P
ik
|
l
−
16 (−57312+18900 n−1240n2−5n3+27n4 )
315 (−6+n) (−4+n) PklP
ik
|
j l
−
4 (−23040+98136 n−18188n2+134n3+93n4 )
315 (−6+n) (−4+n) P
i
k|l
l
P
jk
−
4 (−7754−1224 n+29n2)
315 P
i
k |lP
jk
|
l
+
8 (589824−282624 n+54804n2−4472n3+17n4+6n5)
105 (−6+n) (−4+n) PklP
ik
P
j l
−
4 (−51384+36938 n−9529n2+662n3+93n4 )
315 (−6+n) (−4+n) P
i
k |lP
j l
|
k
+
4 (47232−112776 n+38488n2−4444n3+165n4)
105 (−6+n) (−4+n) PklP
ij
P
kl
+
2 (−53720+22678 n−3194n2+63n3)
315 (−4+n) Pkl|
i
P
kl
|
j
+
4 (184896−132840 n+30900n2−2390n3+59n4)
315 (−6+n) (−4+n) PklP
kl
|
ij
+
2 (−2880−37008 n+17564n2−2432n3+21n4 )
315 (−6+n) (−4+n) P
ij
|k
k
J
+
4 (−33408−425736 n+228064n2−37810n3+2094n4+21n5)
315 (−6+n) (−4+n) P
i
kP
jk
J
+−9216−1264 n+1568n
2−105n3
105 P
ij
J
2 + 9336−8206 n+875n
2
315 J|
i
J|
j
+
8 (−45432+19134 n−2965n2+138n3)
315 (−6+n) P
i
k|
j
J|
k
−
2 (24768−1404 n−2584n2+215n3)
315 (−6+n) P
ij
|kJ|
k +
4 (6108−1487 n+70n2)
315 P
ij
J|k
k
+
2 (−40320−77904 n+52144n2−9826n3+651n4)
315 (−6+n) (−4+n) JJ|
ij
+
4 (934848−481176 n+106800n2−11644n3+457n4)
315 (−6+n) (−4+n) P
i
kJ|
jk
−
4 (−15984+8490 n−1411n2+85n3)
105 (−6+n) (−4+n) J|
ij
k
k
Figure 3. The tensor F
ij
P g2k = P
g,1
2k + Q˜2k,n, where P
g,1
2k has the form δS
g
2kd with δ the formal adjoint
of d and Sg2k an order 2k − 2 dierential operator.
By setting w = 0 in the formulae (8) and (9) we see that, as an operator
on E , DA fators through the exterior derivative d. At least this is true given
a hoie of metri g from the onformal lass. Thus in dimension n0 = 2k it
is lear from Theorem 2.5 that P gn0 is also a omposition with d. Thus the
term Q˜2k,n vanishes in dimension 2k = n0. Using this and a areful use of
lassial invariant theory one an onlude that in fat Q˜2k,n =
n−2k
2 Q
g
2k,n.
In the previous setion we gave expliit formulae for Qg4,n, Q
g
6,n and Q
g
8,n.
Clearly Qg2k,n is also given by a formula rational in n and regular at
n = n0 := 2k. In dimension n0, Q
g
n0 := Q
g
n0,n0 is by denition (modulo a
sign (−1)k) Branson's Q-urvature, and for ompat onformal n0-manifolds,
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8 (−3984+4492 n−296n2+13n3)
315 (−6+n) (−4+n) Pkl|m
mCikj l
−
4 (33984−21624 n+4540n2−346n3+21n4 )
105 (−6+n) (−4+n) PklJC
ikj l
−
8 (−19392+14302 n−2403n2+128n3)
315 (−6+n) (−4+n) J|klC
ikjl
+
4 (−33408+13680 n−1082n2+95n3)
315 (−6+n) (−4+n) Pkl|mC
ikjm
|
l − 8063CklmpC
ikjm
|
lp
−
16 (−52992+13248 n−472n2−20n3+3n4)
63 (−6+n) (−4+n) PklP
j
mC
iklm
+
4 (69168−25940 n+1472n2+15n3)
315 (−6+n) (−4+n) Pkl|mC
iklm
|
j
+
8 (17088−16264 n+652n2+94n3+5n4)
315 (−6+n) (−4+n) PklP
k
mC
iljm + 128 (31+2n)315 Pkl|
i
mC
jklm
− 8105C
i
klm|pC
jklp
|
m + 16 (−7+3n)45 JC
i
klmC
j lkm − 6863C
i
klm|pC
j lkp
|
m
+32 (231+2n)315 P
i
k |lmC
jmkl +
8 (8016−1576 n−506n2+21n3)
315 (−6+n) (−4+n) PklC
i
m
k
pC
jmlp
+6435CklmpC
ikl
qC
jmpq −
16 (22200−7798 n+215n2+8n3)
315 (−6+n) (−4+n) PklC
i
m
k
pC
jplm
+176105CklmpC
ikm
qC
jplq − 3245P
ijCklmpC
kmlp
−
16 (2692−143 n+25n2)
315 (−4+n) PklC
i
m
j
pC
kmlp − 16 (−33+20n)315 P
i
kC
j
lmpC
kmlp
−3245CklmpC
i
q
jkC lmpq
Figure 4. The tensor G
ij
∫
M Q
g
n0 is a global onformal invariant. To see this, observe that the onfor-
mal invariane of P2k is equivalent to the ovariane law
Ω
n+2k
2 P gˆ2k = P
g
2kΩ
n−2k
2 ,
where gˆ = Ω2g and we regard the powers of Ω as multipliation operators.
Applying both sides to the onstant funtion 1 we obtain
n−2k
2 Ω
n+2k
2 Qgˆ2k =
n−2k
2 Q
g
2kΩ
n−2k
2 +P g,12k Ω
n−2k
2
. Expanding this out yields a universal transfor-
mation formula for Qg2k. Sine P
g,1
2k is a omposition with d it is lear that
we an divide this formula by
n−2k
2 . Then in dimension n0 = 2k we obtain
Ωn0Qgˆ2k = Q
g
2k + δS
g
2kdΥ,
where Υ = log Ω. Then, if we denote by ǫg the volume density assoiated
with a metri g, we have ǫgˆ = Ω
n0ǫg, and the onformal invariane of
∫
M Q
g
2k
is lear. Reall that a hoie of metri g determines a anonial setion ξg of
E [1] by (ξg)−2g = g. It is onvenient to redene Qg2k to be (ξ
g)−n0 times Qg2k
as above. Then Qg2k is valued in E [−n] and the transformation law simplies
to
(24) Qgˆ2k = Q
g
2k + δS
g
2kdΥ,
where δ and Sg2k are now also density valued. Note that we an also write
this as Qgˆ2k = Q
g
2k + P2kΥ as P
g,1
2k agrees with P
g
2k in dimension 2k.
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Figure 5. The invariant Qg8,n
The disussion above for Qgn0 and its properties are a minor adaption
of the arguments presented in Branson's [5℄. It is lear that given expliit
formulae for the P2k as in the previous setion we an extrat a formula for
the Q-urvature as follows: Take the order 0 part of the formula, divide by
(n − 2k)/2 and then set n = 2k. For example Qg8 is obtained by setting
n = 8 in the formula given in Figure 5. In [5℄ it is also shown that the global
invariant is not trivial. In fat, it is established there that, on onformally
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at strutures, Qgn0 is given by a multiple of the Pfaan plus a divergene,
and so
∫
M Q
g
n0 is a multiple of the Euler harateristi χ(M).
One of the keys to the importane of Q2k is the remarkable transformation
formula (24). We will desribe a new denition and onstrution for Q2k and
proof of this transformation formula. This leads to a diret formula for Q2k.
Here to prove the transformation law we will use a dimensional ontinuation
argument. (This plays a minor role and an in fat an be replaed by a diret
proof [8℄). The onstrution is then adapted to proliferate other urvature
quantities with transformation formulae of the general form (24), and in these
ases dimensional ontinuation is not used at all. See Proposition 2.8. (Sine
the original writing of this Feerman and Graham [27℄ have given another
alternative onstrution and generalisation of the Q-urvature whih involves
the Poinaré metri.)
We work on a onformal manifold of dimension n0 = 2k. For a hoie
of metri g from the onformal struture let IgA be the setion of EA[−1]
dened by IgA := (n − 2)YA − JXA, where, reall, YA ∈ EA[−1] gives the
splitting of the trator bundle orresponding to the metri g (as in setion
2). We an write this as a triple [IgA]g = ((n − 2), 0, −J). Aording
to this denition, if gˆ = Ω2g then we have I gˆA := (n − 2)ŶA − ĴXA or
[I gˆA]gˆ = ((n − 2), 0, −Ĵ). In terms of the splitting determined by g, I
gˆ
A is
given by [I gˆA]g = ((n − 2),−(n − 2)Υa, −Ĵ − (n/2 − 1)Υ
bΥb). By (2) and
Υa = ∇aΥ this beomes [I
gˆ
A]g = ((n− 2),−(n− 2)∇aΥ, −J+∆Υ), and so
(25) I gˆA = I
g
A −DAΥ.
This observation is due to Eastwood who also pointed out [20℄ that on on-
formally at strutures this yields Branson's urvature as follows. For eah
metri dene QgB byQ
g
B := 2k−2I
g
B . Then, by (25), Q
gˆ
B = Q
g
B−2k−2DBΥ.
Now sine the struture is onformally at, 2k−2DAΥ = −XAP2kΥ (see
Theorem 2.5 or e.g. [28℄). Thus we have
QgˆB = Q
g
B +XBP2kΥ.
It follows that XBQgˆB = X
BQgB is a onformal invariant of weight n0−2. On
a onformally at struture there are no onformal invariants of the struture
and so this vanishes. Sine this vanishes, ZBcQgB is also onformally invariant
and so must vanish. This shows that for any onformally at metri, QgB =
XBQ
g
for some Riemannian invariant Qg and also that Qgˆ = Qg + P2kΥ.
That is, it transforms aording to (24). On onformally at strutures
one an always loally hoose a metri that is at whene all Riemannian
invariants vanish. Using this we dedue that Qg is Branson's urvature, that
is Qg = Qg2k.
Via the theorem we an generalise Eastwood's unning onstrution to the
urved ase. Note (25) holds on any onformal manifold. Let us dene the
operator FC
B : EB [k− 1−n/2]→ EC [1− k−n/2] by FC
B := (k− 2)−1(n−
2k + 2)−1DKECK
ABDA where E is the operator dened in Theorem 2.5.
Now on a dimension n0 = 2k manifold we simply dene Q
g
C := FC
BIgB .
From (25) and the theorem we have immediately
(26) QgˆC = Q
g
C +XCP2kΥ.
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It remains to verify that for any metri g in the onformal lass, QgC is
indeed XCQ
g
2k. In any dimension n and given any metri g, if f ∈ E [w] let
us write DAf = D
1
Af +wD
0
Af , where D
1
Af := (n+2w−2)ZA
a∇af −XA∆f
and wD0Af is the remaining order zero part. That is, D
0
Af = (n + 2w −
2)YAf − XAJf . Let w = k − n/2, and assume n is odd or n ≤ 2k. Then
−XAP2kf = FA
BDBf = FA
BD1Bf + wFA
BD0Bf . Let ξ
g
be the setion
of E [1] orresponding to g. Reall that ξg is parallel for the Levi-Civita
onnetion of g. Sine (ξg)w is a setion of E [w], we have
XAwQ
g
2k,n(ξ
g)w = wFA
BD0B(ξ
g)w.
Now XAFA
BD0B(ξ
g)w an be expressed as a universal expression whih is
polynomial in g, g−1, C, P, ∇, and the ∇ ovariant derivatives of C and
P. The oeients in this universal expression are real rational funtions
of the dimension n whih are regular for all odd n and all n ≥ 2k. Fur-
thermore, from the left-hand-side of the display, this expression vanishes in
even dimensions n < 2k and for all odd dimensions. Thus it must vanish in
dimension n0 = 2k. Similarly we an onlude Z
AaFA
BD0B(ξ
g)w vanishes if
n is odd or n ≤ 2k. Thus in dimension n0, w = 0, D
0
B(ξ
g)w = D0B1 = I
g
B ,
and as Qg2k := Q
g
n0,n0 , we have
QgA = FA
BIgB = XAQ
g
2k.
Thus we have the following.
Proposition 2.7. Y AFA
BIgB is a formula for Branson's Q-urvature Q
g
2k.
Note that if we take this as a denition for Q then the transformation
property (24) arises from (26) whih in turn is an immediate onsequene of
(25). The formula itself is diret and requires no dimensional ontinuation.
The only subtlety in the onstrution was in establishing that QgA has the
formXAQ
g
2k. We employed a dimensional ontinuation argument to establish
this above, but it turns out that there is an elementary diret proof using the
ambient onstrution [8℄. Finally note that if we write IAg = h
ABIgB , then
IAg FA
BIgB = (n− 2)Q
g
2k.
It is straightforward to onvert this trator formula for Qg2k into a for-
mula in terms of ∇, C, P, the metri, and its inverse. We simply expand
Y AFA
BIgB using the formula for FA
B
as a partial ontration polynomial
in DA, WABCD, XA, hAB , and its inverse h
AB
, as obtained from Propo-
sition 4.5, and apply (8), (9), (11), and (13) along the same lines as the
alulations in Setion 2.2. In fat, as a means of heking against formulae
or alulational errors it is prudent to alulate the entire trator valued
expression FA
BIgB and verify from this that only the bottom slot is not zero.
That is that XAFA
BIgB = 0 = Z
AaFA
BIgB. Doing this for Q
g
4 we obtain the
known formula
Q4 = −2PijP
ij + 2J2 − J|j
j .
In terms of the Rii urvature R and the salar urvature S, this beomes
Q4 = −
1
2RijR
ij + 16S
2 − 16S|i
i
. For Q6 the formulae are more severely
tested by alulating EAB
CEDCI
g
E . For this ase EAB
CEDCI
g
E = DAI
g
B+
2
n−4WA
C
B
EDCI
g
E and the alulation veries all omponents vanish exept
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for the oeient of XAXB , the negative of whih is
Qg6 = −(8Pij |kP
ij
|
k + 16PijP
ij
|k
k − 32PijP
i
kP
jk − 16PijP
ij
J+
8J3 − 8J|k
k
J+ J|j
j
k
k + 16PijPklC
ikjl).
Note that these examples agree with setting n = 4 in (21) and n = 6 in (23).
Using IgA it is easy to onstrut examples of other funtionals of the metri
that have transformation laws of the same form as (24). We state this as a
proposition.
Proposition 2.8. In dimension n0 = 2k, for eah natural onformally in-
variant operator GA
B : EB [−1]→ EA[1−n0] there is a Riemannian invariant
DAGA
BIgB with a onformal transformation of the form
DAGA
BI gˆB = D
AGA
BIgB + δT
g
2kdΥ,
where T g2k is a Riemannian invariant dierential operator suh that the om-
position δT g2kd is a onformally invariant operator between funtions and
densities of weight −n.
If GA
B
is formally self-adjoint, then δT g2kd is formally self-adjoint.
Proof. It is lear from (25) that DAGA
BI gˆB = D
AGA
BIgB − D
AGA
BDBΥ.
Note that DAGA
BDB is a omposition of onformally invariant operators.
Sine Υ is a funtion (i.e. is a density of weight 0), DBΥ fators through dΥ.
From Proposition 2.2 it follows that the formal adjoint of DAGA
BDB also
fators through the exterior derivative d. Thus the onformally invariant
operator DAGA
BDB has the form −δT
g
2kd.
Sine δT g2kdΥ = −D
AGA
BDBΥ, the last part of the proposition is imme-
diate from Proposition 2.2. 
An example in dimension 6 is to take GA
B
to be the order zero opera-
tor |C|2δA
B
, where |C|2 = CabcdCabcd. Then D
AGA
BIgB = −4∆|C|
2
, and
DAGA
BI gˆB = −4∆|C|
2 + 16∇a|C|2∇aΥ. We an easily make many other
examples via the trator objets already seen above. Other examples in di-
mension 6 are to take GA
B
to be WACDEW
BCDE
or DEWA
B
E
FDF . In
dimension 8 we ould take GA
B
to be δBAD
PWPCDEW
ECDQDQ and so on.
Note all these examples have G formally self-adjoint.
It is a trivial exerise to verify that DAGA
BIgB is always a divergene,
and so none of the invariants from the proposition yield non-trivial global
invariants. Thus we ould adjust the denition of Qg2k by adding suh fun-
tions without aeting it as a representative of nth0 de Rham ohomology
and also without aeting the form of the transformation law (24). Suh
hanges would of ourse alter what we meant by Sg2k, but in any ase δS
g
2kd
would remain an invariant operator on funtions. Suh potential modia-
tions are important from several points of view. The transformation law
(24) is satised in dimension 2 by the salar urvature, or more preisely
by −Sc/2. In this ontext it is usually alled the Gauss urvature presrip-
tion equation. As mentioned earlier, Q2k lends itself to higher dimensional
analogues of this urvature presription problem. For the same reason, in
any ase where DAGA
BIgB is non-trivial, Q
g
2k +D
AGA
BIgB yields a distint,
and apparently equally natural, urvature presription problem. Of ourse
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then Qg2k + D
AGA
BIgB does not arise by Branson's onstrution from the
GJMS operator P2k. But it is easily veried that it does arise via Branson's
argument applied to the onformally invariant operator
P ′2k := P2k −D
AGA
BDB : E [k − n/2]→ E [−k − n/2],
and aording to either either onstrution the onformal transformation
formula in dimension n0 = 2k is
Qgˆ2k +D
AGA
BI gˆB = Q
g
2k +D
AGA
BIgB + P
′
2kΥ.
It is possible, for example, that there are settings where suh natural modi-
ations to the GJMS operators will yield operators whih are positive but
the relevant GJMS operator fails to be positive.
3. The ambient metri onstrution
The ambient metri onstrution of Feerman-Graham assoiates to a
onformal manifoldM of signature (p, q) a pseudo-Riemannian so-alled am-
bient manifold M˜ of signature (p + 1, q + 1). The ambient manifold M˜ is
Q × I, where I = (−1, 1). Heneforth we identify Q with its natural inlu-
sion ι : Q → M˜ given by Q ∋ q 7→ (q, 0) ∈ M˜ . Observe that Q arries a
tautologial symmetri 2-tensor g0 given by g0 = π
∗g at the point (p, g) ∈ Q.
This satises δ∗sg0 = s
2g0, where δs is the natural R+-ation on Q given by
δs(p, g) = (p, s
2g). We will also write δs for natural extension of this ation
to M˜ and denote by X the innitesimal generator of this, i.e., for a smooth
funtion f on M˜ , Xf(q) = ddsf(δsq)|s=1. The metri on the ambient mani-
fold M˜ will be denoted h and is required to be a homogeneous extension of
g0 in the sense that
(27) ι∗h = g0 δ
∗
sh = s
2h for s > 0.
The idea of the Feerman-Graham onstrution is to attempt to nd a formal
power series solution along Q for the Cauhy problem of an ambient metri
h satisfying (27) and the ondition that it be Rii-at, i.e. Ri(h) = 0. It
turns out that only a weaker urvature ondition an be satised in the even
dimensional ase. The main results we need are ontained in Theorem 2.1
of [26℄: If n is odd then, up to a R+-equivariant dieomorphism xing Q,
there is a unique power series solution for h satisfying (27) and Ri(h) = 0.
If n is even then, up to a R+-equivariant dieomorphism xing Q and the
addition of terms vanishing to order n/2, there is a unique power series
solution for h satisfying (27) and suh that, alongQ, Ri(h) vanishes to order
n/2−2 and that the tangential omponents of Ri(h) vanish to order n/2−1.
We should point out that we only use the existene part of the Feerman-
Graham onstrution. The uniqueness of the GJMS operators, the ovariant
derivatives of the ambient urvature and so forth are a onsequene of the
existene of trator formulae for these objets.
By hoosing a metri g from the onformal lass onM we determine a bre
variable on Q by writing a general point of Q in the form (p, t2g(p)), where
p ∈M and t > 0. Loal oordinates xi onM then orrespond to oordinates
(t, xi) on Q. These extend [26, 32℄ to oordinates (t, xi, ρ) on M˜ , where ρ is
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a dening funtion for Q and suh that the urves ρ 7→ (t, xi, ρ) are geodesis
for h. In these oordinates the ambient metri takes the form
(28) h = t2gij(x, ρ)dx
idxj + 2ρdtdt+ 2tdtdρ.
This form is fored to all orders in odd dimensions. In even dimensions it is
fored up to the addition of terms vanishing to order n/2. In order, in even
dimensions, to reover the order n GJMS operators via the proedure of [32℄
we need also to assume that the metri has this form up to the addition of
terms vanishing to order n/2 + 1. Although we only need this form to that
order, to simplify our disussion we will assume that the form (28) holds
to all orders in even dimensions too. This simply involves some hoie of
extension for the Taylor series of the omponents gij , and then with this
assumption the identities disussed in the remainder of this subsetion hold
to all orders in all dimensions. We write ∇ for the ambient Levi-Civita
onnetion determined by h.
In terms of the oordinates one has X = t ∂∂t , and if we let Q := h(X ,X),
then Q = 2ρt2 and is a dening funtion for Q. In terms of this we have that,
when n is even, the ambient onstrution determines h up to O(Qn/2). Let
us use upper ase abstrat indies A,B, · · · for tensors on M˜ . For example, if
vB is a vetor eld on M˜ , then the ambient Riemann tensor will be denoted
RAB
C
D and dened by [∇A,∇B ]v
C = RAB
C
Dv
D
. Indies will be raised
and lowered using the ambient metri hAB and its inverse h
AB
in the usual
way. We will soon see that this index onvention is onsistent with our use
of these indies for trator bundles.
The homogeneity property of h in (27) means that X is a onformal
Killing vetor, and in partiular LXh = 2h, where L is the Lie derivative.
It follows that ∇(AXB) = hAB . On the other hand, from the expliit
oordinate form of the metri, we have that ∇BQ = 2XB , and so ∇AXB
is symmetri. Thus
∇AXB = hAB
whih, in turn, implies
(29) XARABCD = 0.
In terms of our notation the theorem of [26℄ (mentioned above) means
that in even dimensions the ambient Rii urvature RBF an be written in
the form
RBF = Q
n/2−2X(BKF ) +Q
n/2−1L′BF
for appropriately homogeneous ambient tensors KF and L
′
BF . In fat the
hoie to extend the metri h so that it has the form (28) restrits KA sig-
niantly. From (29) we have that XARAC vanishes to all orders. With the
ontrated Bianhi identity 2∇ARAC =∇CS (where S denotes the ambient
Rii salar urvature) this implies that KA =XAK for an ambient homo-
geneous funtion K. Although it is not stritly neessary, it will simplify
our subsequent alulations to restrit the ambient metri a little more. An
elementary alulation veries that we an adjust the omponents gij in (28)
so that K = O(Q). Thus nally we have that that in even dimensions the
metri has the form (28) and
(30) RBF = Q
n/2−1LBF
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for an appropriately homogeneous ambient tensor LBF . (The authors are
appreiative of disussions with A.

Cap and C.R. Graham in relation to this
point.)
3.1. Reovering trator alulus. Reall that a setion of E [w] orre-
sponds to a real-valued funtion f on Q with the homogeneity property
f(p, s2g) = swf(p, g), where p ∈ M and g is a metri from the onfor-
mal lass [g]. Let E˜Q(w) denote the spae of smooth funtions on Q whih
are homogeneous of degree w in this way. We write E˜(w) for the smooth
funtions on M˜ whih are similarly homogeneous, i.e. f˜ ∈ E˜(w) means
XA∇Af = wf˜ . The onstrution of the GJMS operators in [32℄ exploits
this relationship between E [w] and E˜(w). We will use here the analogous
idea at the level of tensors on M˜ . This is developed more fully in [12℄, and
here we just summarise the basi ideas needed presently.
Writing δ′s for the derivative of the ation δs, let us dene an equivalene
relation on the ambient tangent bundle by Uq1 ∼ Vq2 if and only if there is s ∈
R+ suh that Vq2 = s
−1δ′sUq1 . Corresponding to this we have the equivalene
relation on M˜ by q1 ∼ q2 if and only if q2 = δsq1. It is straightforward
to verify that the spae TM˜/ ∼ is a rank n + 2 vetor bundle over M˜/ ∼.
Setions of this bundle orrespond to smooth setions V : M˜ → TM˜ with the
homogeneity property V (δsp) = s
−1δ′sV (p), or they ould be alternatively
haraterised by their ommutator with the Euler eld X, [X , V ] = −V .
We will let E˜A(0) (E˜AQ(0)) denote the spae of setions of TM˜ (TM˜ |Q) whih
are homogeneous in this way, and we will write E˜AB(w) (E˜ABQ (w)) to mean
E˜A ⊗ E˜B ⊗ E˜(w) (E˜AQ ⊗ E˜
B
Q ⊗ E˜Q(w) respetively) and so forth. (The reason
for the weight onvention will soon be obvious.) We will write E˜Φ(w) to
mean an arbitrary tensor power of E˜A(0) (or symmetrization thereof and
so forth) tensored with E˜(w) and we will say setions of E˜Φ(w) are tensors
homogeneous of weight w. (We use the term weight here to distinguish
from the homogeneity degree [12℄ as exposed by the Lie derivative along
the eld X.) Of ourse this onstrution is formal at the same order as the
onstrution of M˜ , but upon restrition to Q, TM˜/ ∼ yields a genuine rank
n+ 2 vetor bundle over M = Q/ ∼ that will be denoted by T or T A.
It is immediate from the homogeneity property of h that if U and V are
setions of E˜A(0), then the funtion hABU
AV B is in E˜(0). Restriting to Q
we see that hABU
AV B desends to a funtion on M . From the bilinearity
and signature of h it follows that h desends to give a signature (p+1, q+1)
metri hT on the bundle T . We an use this to raise and lower indies in
the usual way.
Observe that XA ∈ E˜A(1). Thus if ϕ ∈ E˜(−1), then ϕXA ∈ E˜A(0).
The same is true upon restrition to Q, so we have a anonial inlusion
E [−1] →֒ T with image denoted by T 1. We write XAT for the natural setion
of T A[1] := T A ⊗ E [1] giving this map, and so on Q, XA is the homoge-
neous setion representing XAT . Clearly then V
A 7→ hTABX
A
T V
B
determines
a anonial homomorphism T → E [1], and we let T 0 denote the kernel.
Reall that Q was dened to be hABX
AXB and that this was a dening
funtion for Q. Thus XAT is a null vetor for the metri h
T
, and it follows
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immediately that T 1 ⊂ T 0. There is a simple geometri interpretation of
T 0 and T 1. Observe that T 0[1] orresponds to setions of E˜AQ(1) that are
annihilated by ontration with XA. On Q we have that XA =
1
2∇AQ,
so along Q the setions of E˜AQ(1) orresponding to T
0[1] are preisely those
taking values in TQ ⊂ TM˜ |Q and whih are invariant under the ation of δ
′
s.
Then, sine X is the Euler vetor eld, it follows that T 1[1] orresponds to
funtions in E˜AQ(1) taking values in the vertial subbundle of TQ. Of ourse
the map Q →M is a submersion, and so T 0[1]/T 1[1] is naturally isomorphi
to Ea = TM . Tensoring by E [−1] we have T 0/T 1 ∼= Ea[−1], and we an
summarise the ltration of T by the omposition series
T = E [1] +
✞
✝ Ea[−1] +
✞
✝ E [−1].
It is now straightforward to observe that the ambient Levi-Civita onne-
tion ∇ also desends to give a onnetion on T . First, from the dening
property that ∇ preserves the metri it follows that if UA ∈ E˜A(w) and
V A ∈ E˜A(w′), then UA∇AV
B ∈ E˜B(w + w′ − 1). Then sine ∇ is torsion
free, we have that∇XU−∇UX− [X, U ] = 0 for any tangent vetor eld U .
So if U ∈ E˜A(0), then ∇XU = 0, as, in that ase, [X, U ] = −U . So setions
of E˜A(0) may be haraterised as those whih are ovariantly parallel along
the vertial Euler vetor eld. These two results imply that ∇ determines a
onnetion ∇T on T . For U ∈ T let U˜ be the orresponding setion of EAQ(0).
Similarly a tangent vetor eld V onM has a lift to a eld V˜ ∈ E˜A(1), on Q,
whih is everywhere tangent to Q. This is unique up to adding fX, where
f ∈ E˜(0). We extend U˜ and V˜ homogeneously to elds on M˜ . Then we an
form ∇V˜ U˜ . This is learly independent of the extensions. Sine ∇XU˜ = 0,
it is also independent of the hoie of V˜ as a lift of V . Finally, it is a setion
of E˜A(0) and so determines a setion ∇TV U of T whih only depends on U
and V . It is easily veried that this denes a ovariant derivative on T .
Let us summarise. By the above onstrution the ambient manifold and
metri onstrution of Feerman and Graham naturally determines a rank
(n+2) vetor bundle T onM . This vetor bundle omes equipped with a sig-
nature (p+1, q+1) metri hT , a onnetion ∇T , and a ltration determined
by a anonial setion XT of T [1]. Furthermore if v
a
is a smooth tangent
eld on M and ϕ is a smooth setion of E [1], one easily veries from the
above that the image of va∇Ta (ϕX
B) lies in T 0 and that omposing with the
map to the quotient T 0/T 1 reovers ϕvb. This is a non-degeneray property
of the onnetion. This with the fat that ∇T preserves the metri means
that T is a trator bundle with a trator onnetion in the sense of [14℄.
Sine ∇ is Rii at it follows that ∇T satises the urvature normalisa-
tion ondition desribed in [13, 14℄. (This is shown expliitly in [12℄.) From
this and the non-degeneray we an onlude that T A and ∇Ta are a normal
trator bundle and onnetion orresponding to the dening representation
of SO(p + 1, q + 1). That is we an take, T A = EA, XAT = X
A
, and ∇Ta
to be the usual trator onnetion as in Setion 2. We heneforth drop the
notation T .
We an also reover the operators introdued in the trator setting. Ob-
serve that the operator DAP := 2X [P∇A] annihilates the funtion Q on
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M˜ . Thus DAP gives an operator E˜
Φ
Q(w) → E˜
Q
[AP ] ⊗ E˜
Φ
Q(w), and it is a triv-
ial matter to show that this desends to DAP : E
Φ[w] → E[AP ] ⊗ E
Φ[w] as
dened in Setion 2. (Here, of ourse, EΦ[w] is the weight w trator bun-
dle orresponding to E˜ΦQ(w).) Now we an formally follow the onstrution
of DA. First one alulates that, for V˜ ∈ E˜
Φ(w), and using (29), we have
hABDA(QD|B|P )0V = −X(QDP )0V , where
(31) DAV = (n+ 2w − 2)∇AV −XA∆V, ∆ :=∇
B
∇B.
Then we observe the map E˜P (w − 1)→ E˜(PQ)0(w) given by S˜P 7→ X(QS˜P )0
is injetive. It follows immediately that, along Q, (31) is determined by
the equation hABDA(QD|B|P )0V = −X(QDP )0V and so is preisely the
operator DA : E˜
Φ
Q(w) → E˜
Q
A ⊗ E˜
Φ
Q(w − 1), whih desends to DA : E
Φ[w] →
EA ⊗ E
Φ[w − 1]. In partiular this is true when w = 1 − n/2, and so ∆ :
E˜Φ(1− n/2)→ E˜Φ(−1− n/2) desends to the generalised Yamabe operator
 : EΦ[1 − n/2] → EΦ[−1 − n/2]. We will take (31) as the denition of
DA on M˜ . Although we will not need it here, let us point out that DAP as
dened above ats more generally on setions of tensor bundles on M˜ and
not just setions whih are homogeneous. Following through the argument
above in this more general setting yields a generalisation of the operator DA
on tensor bundles given by DA = n∇A + 2X
B
∇B∇A −XA∆. This still
has the property that along Q it ats tangentially.
Observe that hABDA(QD|B|P )0V is only of the form −X(QDP )0V to
order Q0 along Q and that although DA ats tangentially to Q to this order,
it does not ommute with Q. In fat for any tensor eld V , homogeneous of
weight w on M˜ , from (31) we have
(32) DAQV = QDAV + 4Q∇AV.
So, along the Q = 0 surfae Q, DA ats tangentially, but, DA does not at
tangentially to other Q = onstant surfaes. Nevertheless this allows us to
onlude that if U and V are tensors of the same rank (and with U + QV
homogeneous of some weight), then
DA1 · · ·DAℓ(U +QV ) = (DA1 · · ·DAℓU) +QW
for some tensor W . Thus, along Q, DA1 · · ·DAℓU is independent of how U
is extended o Q. The identities
(33) XAD
AV = w(n + 2w − 2)V −Q∆V
and
(34) DAXAV = (n+ 2w + 2)(n + w)V −Q∆V
will also be useful. Here V is a tensor whih is homogeneous of weight w.
We are now in a position to show diretly how the trator eld WABCD
is represented in the ambient setting. Let us for the while restrit to n 6= 4.
Note that the urvature of the ambient onnetion RABCD is a setion of
E˜ABCD(−2) and so determines a setion of the trator bundle EABCD[−2].
We will write RABCD to denote this setion. Let V˜ ∈ E˜
Φ(w). From (31) we
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obtain
[DA,DB ]V˜ = (n+ 2w − 2)(n + 2w − 4)[∇A,∇B]V˜
−2(n+ 2w − 2)X [A[∆,∇B]]V˜ .
Now let V A ∈ EA. We write V˜ = V˜ A ∈ E˜AQ(0) for the orresponding eld on
Q, and extend this homogeneously to a eld on M˜ . Then, along Q, we have
(see remark below)
[DA,DB ]V˜
C = (n− 2)(n − 4)RAB
C
EV˜
E + 4(n − 2)X [ARB]F
C
E∇
F V˜ E.
Thus, sine XFRBFCE = 0 =XF∇
F V˜ E , this implies
[DA,DB ]V
C = (n − 2)(n− 4)RAB
C
EV
E + 4(n − 2)X[ARB]F
C
EZ
F
f∇
fV E .
Comparing this with (12) (with w set to 0 in that expression) we an at
one onlude that X[AWBC]DEV
E = (n − 4)X[ARBC]DEV
E
. Sine this
holds for any setion V A of EA, it follows from the denition ofWABCD that
X[AΩBC]DE = X[ARBC]DE . Contrating with Z
F
f we have immediately
X[ARB]F
C
EZ
F
f = X[AΩB]F
C
EZ
F
f . Substituting this in the above display
and one again omparing to (12) we now have that WBCDEV
E = (n −
4)RBCDEV
E
for all V E, and so
(35) WBCDE = (n− 4)RBCDE .
Remark: Note that
[∆,∇B]V˜C = 2REBCF∇
EV˜ F + (∇EREBCF )V˜
F +RBF∇
F V˜C .
From the ontrated Bianhi identity ∇
EREBCF = 2∇[CRF ]B, so in odd
dimensions the last two terms of the display vanish to all orders. In even
dimensions reall we have that, along Q, RBF vanishes to order n/2−1 and
so in all even dimensions, other than 4, these last terms also vanish along Q.
4. The GJMS operators
Using the properties ofDA, we observed in the previous setion that if V is
a tensor homogeneous of weight 1−n/2 then, along Q, ∆V is independent of
how V is extended oQ. So∆ gives an operator∆ : E˜Φ(1−n/2)→ E˜Φ(−1−
n/2), and this desends to the generalised onformally invariant Laplaian
(or Yamabe operator) as in (14). The observation that the onformally
invariant Laplaian (on densities) an be obtained from an ambient Laplaian
in this way goes bak to [38℄ in the onformally at dimension 4 setting and
to [26℄ for the general urved ase. For the generalised onformally invariant
Laplaian we an also show this diretly using the result
(36) ∇AQ = 2XA
from above. From this it follows that if U is a tensor eld homogeneous of
weight w (i.e. U ∈ E˜Φ(w)), then
(37) [∆, Q]U = 2(n+ 2w + 2)U.
Thus if V ∈ E˜Φ(1 − n/2) and U is a tensor of the same rank and type but
homogeneous of weight −1− n/2, then
(38) ∆(V +QU) = ∆V +Q∆U.
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So learly ∆V is independent of how V extends o Q. In [32℄, Graham,
Jenne, Mason, and Sparling establish a remarkable generalisation of the re-
sult for densities whih we state here in our urrent notation.
Proposition 4.1. For n even and k ∈ {1, 2, · · · , n/2} or n odd and k ∈ Z+,
let f ∈ E˜Q(k − n/2), and let f˜ ∈ E˜(k − n/2) be a homogeneous extension
of f . The restrition of ∆kf˜ to Q depends only on f and the onformal
struture on M but not on the hoie of the extension f˜ or on any hoies
in the ambient metri. Thus there is a onformally invariant operator
∆
k : E˜Q(k − n/2)→ E˜Q(−k − n/2),
and this desends to a natural onformally invariant dierential operator
P2k : E [k − n/2]→ E [−k − n/2]
on M .
As mentioned in the introdution, we all the operators P2k the GJMS op-
erators.
In this setion we will desribe a way that one an diretly rewrite these
operators in terms of DA, XA, the urvature R, and just one ∆. As ob-
served above, eah of these orresponds to an objet in the trator alulus.
Before we begin we need one more result from [32℄. (This follows from
Proposition 2.2 and Setion 3 from there).
Proposition 4.2. For n even and k ∈ {1, 2, · · · , n/2} or n odd and k ∈ Z+,
let f ∈ E˜Q(k − n/2). Then f has an extension f˜ ∈ E˜(k − n/2) uniquely
determined modulo O(Qk) by the requirement that ∆f˜ = 0 modulo O(Qk−1).
The extension is independent of any hoies in the ambient metri.
We are ready to onsider an example. Let f˜ ∈ E˜(2 − n/2), and let f
denote the setion of E [2 − n/2] that it determines. Consider ∆DAf˜ =
∆(2∇Af˜ −XA∆f˜). Sine in all dimensions the ambient Rii urvature
vanishes along Q, we have [∆,∇A]f˜ = 0. So with the operator equality
[∆,XA] = 2∇A we immediately see that
∆DAf˜ = −XA∆
2f˜ .
Thus DAf = −XAP4f , where P4 is the fourth-order GJMS operator (whih
agrees with the Paneitz operator). Note that aording to the earlier propo-
sition above, the right-hand side is independent of how f extends o Q. So
the left-hand side is likewise independent of the hoie of extension. In fat
this is already lear from (32) and (38).
This suggests attempting to reover the higher order GJMS operators from
∆DA · · ·DB f˜ . On onformally at strutures this is immediately suessful.
Proposition 4.3. On onformally at strutures, if f˜ ∈ E˜(k−n/2), k ∈ Z+,
then
∆DAk−1 · · ·DA1 f˜ = (−1)
k−1XA1 · · ·XAk−1∆
kf˜ .
Proof. We are only interested in loal results and dierential operators. So
without loss of generality we suppose that we are in the setting of the at
model for whih the ambient spae is simply Rn+2 equipped with the at
metri h given by a xed bilinear form of signature (p + 1, q + 1) and the
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standard parallel transport. The latter also gives the ambient onnetion in
this setting. In the standard oordinates, X =XI∂/∂XI at the point XI ,
and the identities of the previous setion hold as genuine equalities rather
than just formally.
We have the operator identity [∆,XA] = 2∇A on setions of E˜
Φ(w).
Sine the struture is onformally at, we also have [∆,∇A] = 0. It follows
that [∆m,XA] = 2m∆
m−1
∇A. Thus if f˜ ∈ E˜
Φ(m+ 1− n/2), we have
−∆mDAf˜ = −∆
m[2m∇Af˜ −XA∆f˜ ] =XA∆
m+1f˜ .
The proposition now follows by indution on k. 
To relate ∆DAk−1 · · ·DA1 f˜ and ∆
kf˜ in the general ase we must take
aount of the urvature of the ambient manifold. Sine this is Rii at
we have that if V˜B ∈ E˜A(w), then [∆,∇A]V˜B = −2RA
P
B
Q
∇P V˜Q. More
generally if V˜BC···E ∈ E˜BC···E(w), then
(39)
[∆,∇A]V˜BC···E =
−2RA
P
B
Q
∇P V˜QC···E − 2RA
P
C
Q
∇P V˜BQ···E − · · ·
−2RA
P
E
Q
∇P V˜BC···Q.
In even dimensions the ambient metri is only Rii at and determined
by the onformal struture on M to nite order, as desribed above. For
example for even n (39) only holds mod O(Qn/2−2) (or mod O(Qn/2−1) if V˜
has rank 0). For simpliity in the following disussion we will often ignore this
point and assume the given alulations do not involve suient transverse
derivatives of the ambient metri to enounter this problem. We will return
to a areful ount of tranverse derivatives later in the setion. We will also
heneforth restrit to n 6= 4. This also simplies matters. And there is no
loss, as the results for n = 4 have been obtained above.
It follows from the last display that if f˜ ∈ E˜(w) (and ℓ < n/2 if n is even),
then
(40)
∆∇Aℓ · · ·∇A1 f˜ =
−2RAℓ
P
Aℓ−1
Q
∇P∇Q∇Aℓ−2 · · ·∇A1 f˜ − · · ·
−2RAℓ
P
A1
Q
∇P∇Aℓ−1 · · ·∇A2∇Qf˜
−2∇AℓRAℓ−1
P
Aℓ−2
Q
∇P∇Q∇Aℓ−3 · · ·∇A1 f˜ − · · ·
−2∇Aℓ · · ·∇A3RA2
P
A1
Q
∇P∇Qf˜+
∇Aℓ · · ·∇A1∆f˜ ,
where here all ∇A's at on all tensors to their right and the result is mod
O(Qn/2−ℓ) if n is even. We may apply the Leibniz rule to (40). The term
∇AℓRAℓ−1
P
Aℓ−2
Q
∇P∇Q∇Aℓ−3 · · ·∇A1 f˜ , for example, beomes
(∇AℓRAℓ−1
P
Aℓ−2
Q)∇P∇Q∇Aℓ−3 · · ·∇A1 f˜+
RAℓ−1
P
Aℓ−2
Q
∇Aℓ∇P∇Q∇Aℓ−3 · · ·∇A1 f˜ .
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Often we will not require the details of ontrations or the value of oe-
ients, and so we might write the last result symbolially as ∇R∇ℓ−1f˜ =
(∇R)∇ℓ−1f˜+R∇ℓf˜ . (In this informal notation we will write∇ to indiate
a ∇A whih is not part of a ∆. For example, it may have a free index or
be ontrated to the ambient urvature R.) We may repeatedly apply the
Leibniz rule to (40) in this way until all of the terms on the right-hand side
are of the form (omitting indies) (∇pR)∇qf˜ . We might write the result
symbolially as
(41) ∆∇
ℓf˜ =∇ℓ∆f˜ +
∑
(∇pR)∇qf˜ .
Note that eah term of the seond sort on the right-hand side has q ≥ 2 and
p + q = ℓ. Although in these symboli formulae we omit the details of the
ontrations and the oeients, we really want to regard these expressions
as representing preise formulae. The idea of this notation is simply to
manifest expliitly only the aspets of the formulae that we need for our
general disussion.
Now observe that
(n+ 2w − 2ℓ− 2)∇Aℓ+1∇Aℓ · · ·∇A1 f˜ =
DAℓ+1∇Aℓ · · ·∇A1 f˜ +XAℓ+1∆∇Aℓ · · ·∇A1 f˜ ,
or, in our symboli notation, (n+ 2w − 2ℓ− 2)∇ℓ+1f˜ =D∇ℓf˜ +X∆∇ℓf˜ .
We an substitute (41) into the right-hand side of this and so observe that
if n+2w− 2ℓ− 2 6= 0, then we an replae a term ∇ℓ+1f˜ by the expression
D∇ℓf˜+X
∑
(∇pR)∇qf˜+X∇ℓ∆f˜ . Suppose w = k−n/2. Then n+2w−
2ℓ− 2 = 2(k − ℓ− 1), and we have
(42) 2(k − ℓ− 1)∇ℓ+1f˜ =D∇ℓf˜ +X
∑
(∇pR)∇qf˜ +X∇ℓ∆f˜ .
In eah term of the sum we again have q ≥ 2 and p + q = ℓ. Note that the
left-hand side of (42) has at most ℓ + 1 transverse derivatives of f˜ . Apart
from the term X∇ℓ∆f˜ , whih we will deal with below, the right-hand side
has at most ℓ transverse derivatives of f˜ , as D ats tangentially to Q. Our
strategy below will be to replae ∇'s with D's beginning from the left.
We may apply similar reasoning to R. Sine R has weight −2, we have
(n−2m−4)∇mR =D∇m−1R+X∆∇m−1R. Here we have used the same
informal notation that we used with f˜ , above. By (39) we may write this
as (n− 2m− 4)∇mR =D∇m−1R+X
∑
(∇pR)∇qR+X∇m−1∆R. Now
note that sine R is Rii at, we have
(43)
∆RBCDE =
2
(
RACB
FRFADE +R
A
CD
FRBAFE +R
A
CE
FRBADF
)
,
from the Bianhi identity. In odd dimensions this holds to all orders. In
general we have∆RBCDE = 2(∇B∇[DRE]C−∇C∇[DRE]B)+O(R
2) where
O(R2) indiates the quadrati term in the display. Using, one again, that
in even dimensions RAB = Q
n/2−1LAB it follows that (∇B∇[DRE]C −
∇C∇[DRE]B) vanishes to order n/2− 3, and so (43) holds to that order.
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Thus we get the simpliation
(44) (n− 2m− 4)∇mR =D∇m−1R+X
∑
(∇pR)∇qR,
where in eah term of the sum, p+ q = m− 1. In even dimensions we need
m < n/2− 2. This follows immediately from the previous paragraph. That
is, we need (n− 2m− 4) > 0.
Our eort to relate ∆DAk−1 · · ·DA1 f˜ and ∆
kf˜ involves another identity,
viz
(45) ∆(∇t∆uR)E = (∆∇t∆uR)E + (∇t∆uR)∆E + 2(∇t+1∆uR)∇E.
Here E is any expression (for a linear operator) whih, in terms of our in-
formal symboli notation, is a polynomial in ∇, ∆, R, and f˜ . We also need
the following fat whih follows from the above:
Lemma 4.4. Suppose n is odd or t+ u ≤ n/2 − 3. Then on Q there is an
expression for ∇
t
∆
uR as a partial ontration polynomial in DA, RABCD,
XA, hAB, and its inverse h
AB
. This expression is rational in n, and eah
term is of degree at least 1 in RABCD.
Proof. Repeatedly use (39), (43), and (45) to rewrite ∇
t
∆
uR as a sum of
terms of the form (∇v1R) · · · (∇vjR). In doing this we onvert some ∆'s
into pairs of ∇'s via (45), but at most one ∇ from eah pair ats on any
given R. Thus in even dimensions, vi ≤ n/2− 3, i ∈ {1, · · · , j}, and we may
onstrut the desired partial ontration polynomial by repeatedly applying
(44) to the terms (∇v1R) · · · (∇vjR). In even dimensions, using (37) and
∇AQ = 2XA with the restrition t + u ≤ n/2 − 3, we see that that (39),
(43), and (44) all hold to suient order. 
Now let f ∈ E˜Q(k − n/2). Suppose f˜ ∈ E˜(k − n/2) is any homogeneous
extension of f as in Proposition 4.2. We will onsider ∆DAk−1 · · ·DA1 f˜ ,
where k is a positive integer. If n is even, we assume that k ≤ n/2. Let
us systematially rewrite this in terms of (−1)k−1XA1 · · ·XAk−1∆
kf˜ and
urvature oupled terms via the following steps:
Step 1: Observe that
∆DAk−1 · · ·DA1 f˜ = ∆(2∇Ak−1 −XAk−1∆) · · · (2(k − 1)∇A1 −XA1∆)f˜ .
Expand this out via the distributive law without hanging the order of any
of the operators.
Step 2: Move allX's to the left of any∇ or∆ via the identities [∇A,XB] =
hAB and [∆,XA] = 2∇A (whih hold to all orders).
Step 3: Move all ∆'s to the right of any ∇'s (other than those impliit in
∆) via (40), and (45). In even dimensions one of ourse needs to be areful,
sine (40) is valid only if ℓ < n/2 and holds mod O(Qn/2−ℓ). Elementary
ounting arguments (along similar lines to the disussion in the next para-
graph) quikly establish that for terms enountered we have ℓ < k satised
and with no more than (k− ℓ− 1) transverse derivatives of the result. Sine
we assume k ≤ n/2 when n is even the use of (40) is valid. Next by the
proof of Proposition 4.3, we may anel all terms not expliitly involving
the urvature exept for the term (−1)k−1XA1 · · ·XAk−1∆
kf˜ . (The proof
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of Proposition 4.3 involves only the identities used in Steps 1 and 2 with just
the dierene that these are applied in a dierent order.) We thus obtain
(46) (−1)k−1Xk−1∆kf˜ +
∑
hsXx(∇p1∆r1R) · · · (∇pd∆rdR)∇q∆rf˜ ,
where d ≥ 1 in eah term of the right-hand part.
At this point let us take stok of what we have. For eah term in the result
of Step 1, the sum of the number of∆'s in the term and the number of∇'s in
the term is exatly k. In Steps 2 and 3 some ∆'s may have been exhanged
for ∇'s via the identity [∆,XA] = 2∇A or for R's via the ommutator
[∆,∇A], and similarly we may have lost some∇'s by [∇A,XB ] = hAB. On
the other hand, we may have onverted some ∆'s into pairs of ∇'s via (45);
note that at most one ∇ from eah pair ats on f˜ , and similarly at most one
∇ from eah pair ats on any given R. Thus for eah term of the sum in
(46) we must have d+ q + r ≤ k. Sine d ≥ 1, it follows that k − q − r ≥ 1.
Note that eah R in (40) is followed by at least two ∇'s. Thus at eah step
in the onstrution of the right-hand part of (46), eah of the rightmost two
∇'s of eah term arose from Steps 1 and 2, and not from the use of (45).
It follows that at least two of the ∇'s in ∇
q
∆
rf˜ did not arise from (45).
Thus q ≥ 2, and for any i ∈ {1, · · · , d}, pi + ri + 3 ≤ k. Now suppose n
is even. Then, by assumption, k ≤ n/2, and for i ∈ {1, · · · , d} we have
pi + ri ≤ n/2− 3. Sine the ambient metri is determined modulo terms of
O(Qn/2), it follows immediately that the metri onnetion ∇ is determined
modulo terms of O(Qn/2−1). Its urvature R is similarly determined modulo
O(Qn/2−2). Now when ∆ = ∇A∇A ats on funtions, its rightmost ∇ is
really just the exterior derivative. Thus as an operator on funtions, ∆ is
determined modulo terms of O(Qn/2−1). It now follows from (36) and (37)
that, as an operator on E˜(k−n/2), all terms in the sum of (46) are determined
uniquely modulo O(Q). If n is odd, the ambient metri is determined to
innite order so ertainly the same is true.
Next, by Proposition 4.2 we an assume that f˜ satises ∆f˜ = 0 modulo
O(Qk−1), and given f , this determines f˜ uniquely modulo O(Qk). This will
simplify our arguments. The end result will be independent of this hoie.
Sine k− q− r ≥ 1, we see immediately that all terms in (46) with r ≥ 1 will
vanish modulo O(Q). We will thus delete these terms. From the inequality
k − q − r ≥ 1 and, in even dimensions, the inequality pi + ri ≤ n/2 − 3, it
follows that we an arry out the next step.
Step 4: First rewrite (46) as
(47) (−1)k−1Xk−1∆kf˜ +
∑
hsXx(∇p1∆r1R) · · · (∇pd∆rdR)∇qf˜ .
Then repeatedly use (42) and Lemma 4.4 to eliminate all ∇'s and ∆'s from
the right-hand part of this expression. The use of (42) introdues additional
∆'s. But terms ontaining these ∆'s vanish modulo O(Q), and we anel
them as soon as they appear. We obtain as result
(48) (−1)k−1Xk−1∆kf˜ = ∆Dk−1f˜ +
∑
hsΨf˜ ,
where, in terms of our informal symboli notation, the operator Ψ is a poly-
nomial in X , D, and R. The exponent s here is not laimed to bear any
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relationship to the s from earlier. The only dierential operator of non-zero
order used in the formula is D. Thus although we used the f˜ satisfying
∆f˜ = 0 modulo O(Qk−1) to obtain (48), observe now that it follows im-
mediately from (32) that eah term depends only on f and is otherwise
independent of the extension f˜ . Thus for any extension f˜ , (48) holds mod-
ulo O(Q).
Remark: At this point it is worthwhile to justify our use of (42) in Step 4.
First note that in eah term in (47) we have q ≤ k−1, by the ounting given
above. Thus in (42), ℓ + 1 will always be at most k − 1, ℓ will be at most
k − 2, and k − ℓ− 1 will be nonzero. We may therefore solve for ∇ℓ+1f˜ in
(42). On the other hand the use of (42) may generate additional urvature
terms (∇pR)∇qf˜ . But p + q = ℓ, where q ≥ 2. Thus in even dimensions,
p ≤ ℓ− 2 ≤ k − 4 ≤ n/2− 4, and we may apply Lemma 4.4 to ∇pR.
In the nal step we will use the fat that (n−4)R desends to the trator
eld W , X desends to X, h desends to h, and that ∆ : E˜Φ(1 − n/2) →
E˜Φ(−1− n/2) desends to  : EΦ[1− n/2]→ EΦ[−1− n/2].
Step 5: In the right-hand side of (48) make the following formal replae-
ments: f˜ with f , ∆ with , X with X, h with h, R with W/(n − 4)
(in dimensions n 6= 4) and D with D. The result is a trator formula for
(−1)k−1Xk−1P2kf . We state this as a proposition.
Proposition 4.5. There is a trator alulus expression for the GJMS op-
erators of the form
(49)
XA1 · · ·XAk−1P2kf =
(−1)k−1DAk−1 · · ·DA1f +ΨAk−1···A1
PQDPDQf,
where f ∈ E [k − n/2] and Ψ is a linear dierential operator
ΨAk−1···A1
PQ : EPQ[k − 2− n/2]→ EAk−1···A1 [−1− n/2],
expressed as a partial ontration polynomial in DA, WABCD, XA, hAB, and
its inverse hAB. The expression for Ψ is rational in n, and eah term is of
degree at least 1 in WABCD.
Proof. It is lear from the argument of this setion that
XA1 · · ·XAk−1P2kf = (−1)
k−1
DAk−1 · · ·DA1f +ΨAk−1···A1f,
where ΨAk−1···A1 is a linear dierential operator on f expressed as a partial
ontration polynomial in DA, WABCD, XA, hAB , and its inverse h
AB
. It
is also lear that that this expression for Ψ is rational in n and that eah
term is of degree at least 1 in WABCD. Furthermore, reall that in Step 4
we used (42) and Lemma 4.4 to onvert the expression ∇
qf˜ of (47) into an
expression in D, X, R, h, and h−1. Sine q ≥ 2 in (42) and (47), it follows
that eah term of this trator expression ends in two onseutive D's. The
result now follows. 
We onlude this setion with examples.
CONFORMALLY INVARIANT POWERS 39
4.1. Examples. The simplest example of our proedure is the Paneitz op-
erator P4, whih we treated at the outset of this setion. Reall that we
obtained DAf = −XAP4f , and it is lear that the trator expression on
the left-hand side of this is independent of any hoies in the ambient on-
strution. This is as guaranteed by the argument following Step 3.
The next simplest ase is of ourse the operator P6. By assumption then,
n 6= 4. Let f denote a setion of E [3−n/2]. Let f˜ be a setion of E˜(3−n/2)
suh that its restrition to Q agrees with f and suh that, ∆f˜ = Q2g for
some smooth g ∈ E˜(−3 − n/2). Expanding out ∆DADB f˜ aording to
Steps 1 and 2 gives
∆DADB f˜ =
XAXB∆
3f˜ + 2XB[∇A,∆]∆f˜+
2XA[∇B ,∆]∆f˜ + 4XA∆[∇B ,∆]f˜ − 8[∇A,∆]∇B f˜ .
Sine [∆,∇A] vanishes on funtions mod O(Q
2), the third step redues to
∆DADB f˜ =XAXB∆
3f˜ − 8[∇A,∆]∇B f˜ =
XAXB∆
3f˜ − 16RA
C
B
E
∇C∇E f˜ ,
along Q. The fourth step is simply the observation that on Q (with f˜ as
above) we have
8∇C∇E f˜ =DCDE f˜
and so
XAXB∆
3f˜ = ∆DADB f˜ + 2RA
C
B
EDCDE f˜ .
As we have observed generally, at this stage none of the terms on either side
depend on how f˜ extends o Q. Thus nally we have
DADBf +
2
n− 4
WA
C
B
EDCDEf = XAXBP6f,
where P6 is the sixth-order GJMS operator. Thus as promised, we have
reovered the trator formula found by other means in Setion 2.1.
Our nal example is P8. By following Steps 1 through 4, above, and by
applying (29), we obtain
−XAXBXC∆
4f˜ =
∆DADBDC f˜ + 2RA
P
B
QDPDQDC f˜ + 2RA
P
C
QDPDBDQf˜
− 2(n−6)XA(DERB
P
C
Q)DEDPDQf˜
+4XARB
P
C
QRP
E
Q
FDEDF f˜ − 2XAUB
P
C
QDPDQf˜
− 2n−6XAXEUB
P
C
QDEDPDQf˜
+ 4(n−6)XAX
E(DERB
P
C
Q)RP
F
Q
GDFDGf˜ .
Here UB
P
C
Q
denotes the trator eld
2
(
RAPB
FRFAC
Q +RAPC
FRBAF
Q +RAPQFRBACF
)
.
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To demonstrate expliitly that P8 is formally self-adjoint, a variation on
this formula is preferred. It is a straightforward exerise to rewrite the above
equation as follows.
XAXBXC∆
4f˜ =
−∆DADBDC f˜ − 2RA
P
B
QDPDQDC f˜ − 2RA
P
C
QDPDBDQf˜
− 4n−6XA(UB
P
C
Q)DPDQf˜ +
2
n−6XAD
ERB
P
C
QDEDPDQf˜
+4n−2n−6XARB
P
C
QRP
S
Q
TDSDT f˜ .
This together with (43) yields the trator formula of Proposition 2.3.
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